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1. Warmup :

(a) We want to show that the sum of two convex functions is convex as well.

Let f, g, h : X → R such that ∀x ∈ X h(x) = f(x) + g(x) and f , g are convex. Then

∀x ∈ X λ ∈ [0, 1]:

h(λx+ (1− λ)y) = f(λx+ (1− λ)y) + g(λx+ (1− λ)y)

≤ λf(x) + (1− λ)f(y) + λg(x) + (1− λ)g(y)

= λ [f(x) + g(x)] + (1− λ) [f(y) + g(y)]

= λh(x) + (1− λ)h(y)

Therefore the sum of two convex fonction is also convex.

(b) In order to see whether we can solve Ax = b we want to look at the relative rank of A and [A|b]
(the extended matrix). Suppose that A and b have size respectively m×n and m then [A|b] has size
m× (n+ 1). Then :

• rank(A) = rank([A|b]) = n : the system has a unique solution

• rank(A) < rank([A|b]) : the system has no solution

• rank(A) = rank([A|b]) < n : the system has infinitely many solutions

(c) The computational complexity of (supposing that we start with w for GD and SGD):

• Grid Search : Let |W |i be the number of different values we consider for the ith dimension of
w then O((

∏
i |W |i) × N). (if we consider the same number of steps for each dimension then

O(|W |D ×N).

• GD for Linear regression with MSE : O(N.D)

• SGD for Linear regression with MSE : Let B be the batch. We have the MSE loss function :

LB(w) =
1

2|B|
∑
n∈B

(yn −
D∑
l=1

xnlwl)
2 (1)

Then if we compute the partial differential w.r.t. wj we have :

∂LB

∂wj
(w) = − 1

B

∑
n∈B

(yn −
D∑
l=1

xnlwl︸ ︷︷ ︸
αn

)× xnj

︸ ︷︷ ︸
O(|B|) considering αn a constant

(2)

Notice that αn doesn’t depend on j, its computation takes O(D) and is computed only once
for all dimensions per sample. Therefore computing {αn : n ∈ B} takes O(|B|.D) and can be
considered as constant for the rest of the analysis.
Then to compute all the dimensions of the gradient, we will need all the partial derivatives.
Therefore the total complexity is O(|B|D + |B|D) = O(|B|D)

(d) We wish to find w = (w1, w2) such that it satisfies x⊤w = w1x1 +w2x2 = y. To do so we solve the
systems (computation behind fairly easy we won’t give any detail here) :

For the first case : {
w1 = −100

w2 = −200
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For the second case : {
w1 = 40′000

w2 = 79′800

Let’s have a better look at what happened, we define the matrix

X =

[
400 −201
−800 401

]
(3)

which corresponds to the matrix of variables in the first case. This matrix has a condition number
cond(X) ≈ 2, 503.

Now from wikipedia, ”A problem with a low condition number is said to be well-conditioned, while a
problem with a high condition number is said to be ill-conditioned. In non-mathematical terms, an
ill-conditioned problem is one where, for a small change in the inputs (the independent variables) there
is a large change in the answer or dependent variable”. And indeed, we can see in our case that a
small change, here of X, has a huge impact on the solution.
Note also that this high condition number is related to the fact that the two columns of A are ”nearly”
multiples of each other.

2. Cost Functions :

(a) No need for correction (remember that the cost function is in a 3-dimensional space)

(b) We want to compute the gradient of

L(w) =
1

N

N∑
n=1

[x⊤
nw − yn]

2

y2n + ϵ
.

A good first approach to compute a gradient is to compute one of its component

∂L
∂wi

=
1

N

N∑
n=1

2xni[x
⊤
nw − yn]

y2n + ϵ

(c) Then we can identify
∇wL = 2

NX⊤D(Xw − y) = 2
NX⊤D(−e) (4)

with D = diag( 1
y2
1+ϵ

, ..., 1
y2
N+ϵ

) a diagonal matrix.

Finally,

∇wL = − 2

N
X⊤De (5)

(d) You can see that the function is very sensitive to outliers, as the relative error is extremely high. If we
call L1 the cost function we’ve been working with for the whole exercise and L2 the one that we want
to compare it with we have :

L1 L2

y = 1 and ŷ = 10 40.5 ≈ 0.54814
y = 1 and ŷ = 100 4′900.5 ≈ 2.90120
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