CS 189/289A, Midterm

Spring 2026

Name:

Email: @berkeley.edu

Student ID:

Room where you’re taking the exam:

Name and SID of the person on your right:

Name and SID of the person on your left:

Instructions:

This exam consists of 56 points spread out over 6 questions and the Honor Code certi-
fication. The exam must be completed in 110 minutes unless you have accommodations
supported by a DSP letter.

Note that you should select one choice for questions with circular bubbles. There is al-
ways at least one correct answer. Please fully shade in the circle to mark your answer.
For all math questions, please simplify your answer. Please also show your work if a
large box is provided. For all coding questions, you may use commas and/or one or more
function calls in each blank.

You MUST write your Student ID number at the top of each page.

Honor Code [1 Pt]:

As a member of the UC Berkeley community, I act with honesty, integrity, and respect
for others. I am the person whose name is on the exam, and I completed this exam in
accordance with the Honor Code.

Signature:




CS 189/289A Midterm, Page 2 of 18 SID:

This page has been intentionally left blank.



CS 189/289A Midterm, Page 3 of 18 SID:

A Linear Affair [5 Pts]

Suppose we are given a dataset of n data points {(x;, y;) }1_, where each x; € R? is a feature
vector and y; € R is a continuous target. We predict the targets using a linear model:

fo(x) = W'x;

parameterized by the weight vector w € R,

For matrix-vector form, we define the design matrix X € R™"*? as having n rows x, , and vector
y € R" as having entries y;.

(a) [S Pts] Select one answer for each question.

(i) Linear regression is always linear with respect to
(O Bias?
(O Parameters
(O Variance
(O Loss
(i) If n > d (many more data points than feature dimensions), what is the most direct
consequence?
(O Zero training error
(O High model variance
(O Low test error
(O XTX is more likely to be invertible
(iii) If n < d (far fewer data points than feature dimensions), what is the most likely
consequence?
(O Zero training error
(O High model bias
(O Low model variance
(O XT"X is more likely to be invertible

(iv) Consider a regularized objective with regularizer R(w) and A > 0:
min || Xw — y||3 + A R(w)

Compared to A = 0, adding regularization generally:

(O Reduces model variance at the cost of introducing some bias
(O Reduces both bias and variance simultaneously

(O Reduces training error at the cost of higher test error

(O Increases model complexity to fit the data more closely
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(v) Which is always true for ridge regression with A > 0?

(O Ridge regression always achieves zero training error.

O Ridge regression guarantees a unique solution — Wy;gee-

(O Ridge regression produces a solution with many coefficients exactly to zero.
(O Ridge regression makes the model invariant to the scale of input features.
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Smooth Operator [7 Pts]

Suppose we are given a dataset of n data points {(x;, y;) }1_, where each x; € R? is a feature
vector and y; € R is a continuous target.

We predict the targets using a linear model parameterized by the weight vector — w € R,

fw(Xi> = WTXi

For matrix-vector form, we define the design matrix X € R™*¢ and vector y € R" as:

T

- Xy - Y1
L
J— X J—
X = 2 y = 3{2
- X7TL - Un

To encourage adjacent weights to be similar, we apply a smoothness regularizer, which penalizes
the difference between consecutive weights, using a regularization hyperparameter A > 0:

d—1
J(w)=[Xw—y[3+AR(W)  R(w)=> (w1 —w;)”.

=1

(a) [2Pts] Define a matrix D (state its entries and dimensions) such that R(w) = ||[Dw||2.
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(b) [3 Pts] Suppose we would like to find the optimal weights — w — that minimize our
smoothness-regularized objective function:

W = arg min [ Xw — y[}3 + A Dw]3

Determine a closed-form expression for the minimizer w. You may assume all necessary
matrices are invertible.

Hint: If you’re stuck, reconsider the ridge regression objective and its closed-form minimizer
WRidge = (XX + \XI)"'X"y. How might its structure help you?

(¢) [2Pts] Let w = arg min, | Xw — y||3 + AR(w). Consider the limit A\ — occ.

wl

(i) [1Pt]As A — oo, R(W) —

() [1Pt]As A > oco,w — c- for some constant c.
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Chill Gaussian Question [11 Pts]
Let X, X, ...,X, € R?bei.i.d. data points from a multivariate Gaussian
x; ~ N(p,X) where X is known, invertible, and symmetric.

We place a Gaussian prior on the mean:
o~ N (o, Xo) where ¥, is known, invertible, and symmetric.

The multivariate Gaussian PDF is
. B 1 1 S
p(x; p, X) = WGXP (—§(X —p) X (x— M)) :
(a) [3Pts] Show that the log-likelihood — /(1) = log p({x;}!, | 1) — can be written as:

n

{(pa) = const — 5 36— )57 (i~ o)

i=1

(b) [2Pts] Derive the maximum likelihood estimator — [\ = arg max,, log p({x;}7; | p).

Hint: V,(x " Ax) = 2Ax for symmetric A.
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(c) [3 Pts] Write the log-posterior — log p(p | {x;}!,) — as a function of p.

You may omit any terms that do not depend on p.

(d) [1 Pt] The MAP estimator — fiyap — is derived by finding the solution that solves which
of the following optimization problems?

y - ivap = arg max p({x; Ho P
O fmar = argmaXZp(xi | )p(p) O fimar gu ({ 1 wp(p)

L i=1

O fmap = arg max w

O frmap = arg maxp({xi}?: | )
o p(ﬂ) © !

(e) [2 Pts] Fill in the blanks to conceptually explain the behavior of the MAP estimator — fiyap.
(1) [1 Pt] Suppose we collect an infinite amount of data (n — o0).

Conceptually, fimap converges to because with infinite data,
the completely overwhelms any prior beliefs.

(i1) [1 Pt] Suppose our prior becomes a “point mass,” meaning we are absolutely certain
that u = po before seeing any data (equivalent to 3y — 0).

Conceptually, fipap converges to because an absolutely certain prior
will ignore all observed
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Ozan Risks It All for MoG [11 Pts]

Suppose we observe n i.i.d. data points x1, . .., X, € R? from a Mixture of Gaussians — a
model where each data point was generated by one of K Gaussian clusters, but we don’t observe
which cluster k£ generated which data point x;.

The model has parameters @ = (71,...,7k, M1, .., M) and one latent variable z; per data
point X;:
Quantity Notation Interpretation
Mixing weights 7, € [0,1] How likely a data point is to come from cluster
k (must sum to 1 across clusters).
Cluster means py, € R4 Center of cluster k.
Latent assignments z; € {1,..., K} Which cluster generated x; (unknown to us).

To generate each data point x;:

1. Draw a cluster — z; ~ p(z;) — where p(z; = k) = 7.
2. Draw a data point — x; ~ p(x; | z;) — where p(x; | z;) = N(x; | p,, o°1).

We assume all K components share a known, fixed covariance oI, so the Gaussian PDF
simplifies to

1 HX “kHZ
M= —— = PR
N(x | py,0°I) = (2r02)in exp( 557 .

(a) [2 Pts] Write the log-likelihood — ¢(0) = > | log p(x; | @) — marginalizing over z;.

Recall: to marginalize over a discrete latent variable, sum over all its possible values:

pla) => p(a|b)p(b).
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(b) [4 Pts] We define the posterior responsibility — r;; — as the probability that data point x;
was generated by cluster k:
riv = p(zi = k | x;,0).

(i) [3 Pts] Derive an expression for r;; using Bayes’ rule.

p(B | A)p(A)

p(A|B) = (B

(i) [1 Pt] Based on your derivation in part (i), which of the following best describes the
role of the squared distance ||x; — px||? in determining the responsibility 7, ?

(O 1 is directly proportional to the squared distance to g (i.e., further points have
higher responsibility).

(O 7 decreases exponentially as the squared distance to g, increases, heavily
favoring the closest cluster.

(O The squared distance only scales the responsibility linearly without affecting
which cluster is most favored.

(O The squared distance dictates the overall scale of o2 but does not impact the soft
assignments.

(c) [1 Pt] If we try to maximize /(@) directly by differentiating and setting to zero, we obtain:

ol 1 —

Y] rik (Xi — pi) = 0,
T

Why doesn’t this yield a closed-form solution for gt ?

(O The system is underdetermined (more unknowns than equations).
(O The weights r;;, themselves depend on all the p;, creating a circular dependency.
(O The covariance oI is unknown.

(O The log-likelihood has multiple global optima.
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(d) [2 Pts] To break this circularity, we define the Looks function.

n K
1
Looks(0) = ZZTM {logﬂk — @HXi—ukHQ + const.

i=1 k=1
We update our parameters by maximizing Looks — a process we call looksmaxxing.

(i) [1 Pt] We obtain our updated cluster centers — ft;, — by looksmaxxing over fi.

A Zzl Tik X5
pr = argmax Looks(0) = =5—.
o D icn Tik

Which of the following correctly explains fi;?
(O Itis the unweighted average of all data points, since every point contributes equally
to every cluster.
(O Itis a weighted average of the data, where each point’s contribution to cluster % is
weighted by its responsibility 7.
(O It is the data point closest to the previous mean gy, since the algorithm selects a
representative point.

(O It is the median of the points assigned to cluster k, which is more robust to outliers
than the mean.

(i1) [1 Pt] We obtain our updated mixing weights — 7, — by looksmaxxing over 7.

n
T, = argmax Looks(0) = L
Tk n
S't'ZI}g(:lTrkzl

Which of the following correctly explains 7y ?
O 1y indicates whether point 7 is closest to ft;, so > . 7, counts the points nearest to
cluster k, and 7, is their fraction.

(O ru is the probability that point 7 belongs to cluster k, so > . 7 is the effective
number of points in cluster k, and 7, is the expected fraction.

(O 7k sums to 1 over both i and k, so ) . r;, = 1 for every k, and 7, = 1/n always.

O 1, measures the distance from x; to py, 0 Y . 7y is the total distance to cluster £,
and 7, is the average distance.
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(e) [2 Pts] Consider the behavior of this model in the limit 0> — 0. In this limit, r;;, — 1 for
exactly one cluster k£ and 0 for all other clusters.

(i) [1 Pt] Which of the following is the correct interpretation of this result?

(O The model is overfitting because the variance shrinks to zero.

(O The responsibilities become hard cluster assignments, committing each point to its
closest center.

(O The responsibilities become a uniform distribution across all clusters since o is
negligible.

(O The Looks function diverges to negative infinity.

(i1) [1 Pt] In this limit, what well-known algorithm does this iterative process reduce to?
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We Adopt a Sigma Grindset [10 Pts]

Consider binary classification with feature vectors x € R?, labels y € {a, b}, and equal priors
p(y = a) = p(y = b) = 5. We consider three classifiers trained on a dataset D = {(x;, y;) }1;:

Classifier  Description

LDA Models the data using Gaussian distributions with a shared covariance ma-
trix 3 across both classes.

QDA Models the data using Gaussian distributions with individual covariance
matrices X3,, 2, for each class.

Logistic Directly estimates the probability of the label p(y | x) using the logistic
Regression (sigmoid) function. It makes no assumptions about the data being Gaussian.

The figure below illustrates shared covariances (left) and differing covariances (right).

2.=2p 2a#2p
| re o)
x Class b Dedision x x Classb o \ eI Ry
L boundary . % Decision _- X \\
Pl s " \
/, O% 1 x \\\ “x___)S y
S %oe ok % \ - X x X |
° N PX, % 5 X X oy X4X T
R DS N D RO
1 4
\\Oo i .. A\ i< )’% >S( //I X ,” /’ X X //
\ [N AR R, 2 / X i( " /
N cb o [ I s< X X )(/ X Prag X
AN o A% % B SR - P
A - N - - % (@] g
N g
X1 X1

(a) [3 Pts] Generative vs. Discriminative Models.

Which of the following correctly categorizes each classifier as a generative or
discriminative model?

(1) Linear Discriminant Analysis (LDA) is:
(O Generative (O Discriminative
(i) Quadratic Discriminant Analysis (QDA) is:
(O Generative (O Discriminative
(ii1) Logistic Regression is:

(O Generative (O Discriminative
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(b) [4 Pts] Suppose the class-conditional distributions are Gaussian with a shared covariance
(left panel above):

px|ly=a)=N(pm., %), px|y=0)=N(m, ).

(i) [2 Pts] Starting from Bayes’ rule and these Gaussian class-conditionals, show that the
log-odds

=b
log PU=01%)
ply = a|x)
simplifies to w' x + b for some weight vector w and bias b.

You may drop any terms that do not depend on x.

(i1) [1 Pt] Using your result from (i), which statement best describes the relationship
between LDA and Logistic Regression?

(O LDA is a special case of Logistic Regression — LDA makes stronger assumptions
(LDA assumes Gaussian data whereas Logistic Regression doesn’t).

(O Logistic Regression is a special case of LDA — Logistic Regression requires
Gaussian data to work.

(O They are equivalent — they always produce the same decision boundary.

(O They are unrelated — the matching functional form is a coincidence.

(iii) [1 Pt] Suppose n is small relative to d. Which classifier has lower variance — LDA or
QDA?

(O LDA O QDA (O Equal variance
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(c) [3 Pts] Now suppose the true covariances differ: 3, # 3.

(i) [1 Pt] What happens to the log-odds from part (a)(i)?
O Still linear in x — the x' X~ !x terms still cancel.

O Quadratic in x — the x "3, 'x terms no longer cancel.
(O Exponential in x — the Gaussian PDF introduces exponentials that don’t simplify.
(i) [1 Pt] Compared to when ¥, = 3J;, what happens to LDA’s bias when X, # 3,?

(O bias increases (O bias is unchanged (O Dbias decreases

(iii) [1 Pt] Compared to when 3, = 3J,, what happens to QDA’s bias when X, # 3,?
(O Increases (O Unchanged (O Decreases
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On a Downward Spiral

Consider the following dataset:

Example ‘ Ty ‘ Ty ‘ Y
1 11011
2 012
3 11114

We model the data with linear regression (no regularization, no bias):

f(x) =w'x, w € R%

The squared loss is

J(w) = Z (WTX(i) — y(i))z :

i=1

(a) [2 Pts] Derive the gradient of J(w) with respect to w in summation form.

[11 Pts]

(b) [3 Pts] Assume that at iteration ¢, w® = [ﬂ and n = 0.1.

(i) [1 Pt] Compute the gradient and the updated parameters.

VWJ(W(t)) — witth) —
(i) [1 Pt] Compute both losses.
Jwy=_____ J(wtD) =

(i1i1) [1 Pt] Did the loss decrease?
O Yes (O No
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(c) [3 Pts] In stochastic gradient descent (SGD), instead of summing over all data points, we
approximate the gradient using a single randomly chosen point (x®, y(®):

Ggi(w) =2 (w'x — ) x0),

(i) [1 Pt] Starting from w(® — F

1
pwy =
(ii) [1 Pt] Compute j3(w®) (using data point 3).
ga(w) =

(iii) [1 Pt] Let V,,J(w®) denote the full-batch gradient you computed in part (b). Which
statement is true about SGD gradients?

} , compute §;(w®) (using data point 1).

(O They always point in the same direction as the full-batch gradient.
(O They are always smaller in magnitude than the full-batch gradient.
(O They can be zero even when the full-batch gradient is nonzero.

(O They are always equal to %VWJ (w).

(d) [2 Pts] Suppose we replace x; with 100 - x; for every data point (z2 and y unchanged).

(i) [1 Pt] How does V,J(w) change?
0J

oJ
(O Both E and i scale by a factor of 100.
w1 Wa

oJ oJ
(O —— increases dramatically; — is completely unchanged.

8w1 8?1]2
oJ . ) . . 0J
O o increases dramatically and dominates the gradient; E also changes but less
w1 W
severely.

(O The gradient direction is unchanged; only its overall magnitude scales.

(i1) [1 Pt] Which of the following most directly addresses the root cause of this problem?

(O Use a much smaller learning rate 7).

(O Standardize each feature to have zero mean and unit variance before training.
(O Add L2 regularization.
(O Use more training data.

(e) [1 Pt] Which of the following models from this exam does not have a closed-form optimal
solution, and therefore requires an iterative method such as gradient descent?
(O Ordinary least squares linear regression
(O Ridge regression
(O MAP estimation for a Gaussian mean with a Gaussian prior

(O Logistic regression
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You are done with the midterm! Congratulations!

Use this page to draw something hard 2




