APPRENTICESHIP LEARNING AND REINFORCEMENT
LEARNING WITH APPLICATION TO ROBOTIC CONTROL

A DISSERTATION
SUBMITTED TO THE DEPARTMENT OF COMPUTER SCIENCE
AND THE COMMITTEE ON GRADUATE STUDIES
OF STANFORD UNIVERSITY
IN PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY

Pieter Abbeel
August 2008



(© Copyright by Pieter Abbeel 2008
All Rights Reserved

i



I certify that I have read this dissertation and that, in my opinion, it
is fully adequate in scope and quality as a dissertation for the degree

of Doctor of Philosophy.

(Andrew Y. Ng) Principal Advisor

I certify that I have read this dissertation and that, in my opinion, it
is fully adequate in scope and quality as a dissertation for the degree

of Doctor of Philosophy.

(Daphne Koller)

I certify that I have read this dissertation and that, in my opinion, it
is fully adequate in scope and quality as a dissertation for the degree

of Doctor of Philosophy.

(Stephen M. Rock)

Approved for the University Committee on Graduate Studies.

il



Abstract

Many problems in robotics have unknown, stochastic, high-dimensional, and highly
non-linear dynamics, and offer significant challenges to both traditional control meth-
ods and reinforcement learning algorithms. Some of the key difficulties that arise in
these problems are: (i) It is often difficult to write down, in closed form, a formal
specification of the control task. For example, what is the objective function for “fly-
ing well”? (ii) It is often difficult to build a good dynamics model because of both
data collection and data modeling challenges (similar to the “exploration problem” in
reinforcement learning). (iii) It is often computationally expensive to find closed-loop
controllers for high dimensional, stochastic domains.

We describe learning algorithms with formal performance guarantees which show
that these problems can be efficiently addressed in the apprenticeship learning setting—
the setting when expert demonstrations of the task are available. Our algorithms are
guaranteed to return a control policy with performance comparable to the expert’s.
We evaluate performance on the same task and in the same (typically stochastic,
high-dimensional and non-linear) environment as the expert.

Besides having theoretical guarantees, our algorithms have also enabled us to
solve some previously unsolved real-world control problems: They have enabled a
quadruped robot to traverse challenging, previously unseen terrain. They have signif-
icantly extended the state-of-the-art in autonomous helicopter flight. Our helicopter
has performed by far the most challenging aerobatic maneuvers performed by any au-
tonomous helicopter to date, including maneuvers such as continuous in-place flips,
rolls and tic-tocs, which only exceptional expert human pilots can fly. Our aerobatic

flight performance is comparable to that of the best human pilots.
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Chapter 1
Introduction

In model-based reinforcement learning (RL) and optimal control we assume there is
(i) a reward function, which describes the task, and (ii) a dynamics model, which
describes how the system, and often also the environment, will evolve over time as a
(stochastic) function of the current state and actions.

Given a reward function and a dynamics model, model-based RL and optimal
control algorithms then attempt to find an optimal control policy, which maximizes
the expected sum of rewards accumulated over time.!

In practice, for many control problems it can be very challenging to (i) Write
down, in closed form, a formal specification of the control task. For example, what is
the objective function for “flying well”? (ii) Provide a sufficiently accurate dynamics
model because of both data collection and data modeling challenges (similar to the
“exploration problem” in reinforcement learning). (iii) Find a (near-)optimal control
policy, even when the reward function and the dynamics model are given.

In this dissertation, we describe learning algorithms with formal performance guar-
antees which show that each of these problems can be efficiently addressed in the
apprenticeship learning setting—the setting when expert demonstrations of the task

are available.

'Model-based RL and optimal control consider very similar settings: they attempt to find an
optimal control policy for a given reward (cost) function and dynamics model. In this dissertation
we do not attempt to distinguish between the two terms and consider them interchangeable.
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1.1 Reward function

In most control problems, our final goal is to find a good control policy—i.e., a pre-
scription that tells us a good action to take for every possible state of the system. The
reinforcement learning and optimal control formalisms are useful for many problems
because it is often easier to specify a reward function than to directly specify the
optimal policy.

However, even the reward function is frequently difficult to specify manually.? In
fact, even for experienced control engineers, it can be very challenging to articulate
a formal specification for many practical control tasks. For example, what would be
the right objective functions for having a helicopter fly a high-performance aerobatic
airshow; for having a quadruped climb across a challenging, rocky terrain; or for
having a car navigate in highway traffic?

In practice, this means that the reward function is often manually tweaked (cf.
reward shaping, Ng et al., 1999) until the desired behavior is obtained. From conver-
sations with engineers in industry and our own experience in applying reinforcement
learning algorithms to several robots (including a quadruped robot and a helicopter),
we believe that, for many problems, the difficulty of manually specifying a reward
function represents a significant barrier to the broader applicability of reinforcement
learning and optimal control algorithms.

While often it is hard, even for experts, to articulate the task in the form of a
reward function, experts can often much more easily demonstrate good performance
on the task. For example, rather than describing to us exactly what a good aerobatic
helicopter flip entails, it is much easier for our expert helicopter pilot to just fly our
helicopter and demonstrate a few aerobatic flips.

In this dissertation we present apprenticeship learning algorithms which use the

expert demonstrations to extract a definition of the task in the form of a reward

2(Classical control and robust control methods offer similar challenges. Classical control methods
often require a task specification in the form of frequency domain properties or poles and zeros.
Robust control methods often require a task specification in the form of, not only a reward function,
but also model uncertainty and/or perturbation magnitude estimates.
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function—a representation that can be readily used as a task description in reinforce-
ment learning and optimal control algorithms. Our algorithms enable us to learn two

important classes of reward functions:

(i) A reward function that linearly trades off between a known set of features. If
the set of features is sufficiently rich, this assumption is fairly unrestrictive.
Features can be discrete valued, for example, whether the car is on the road,
whether the car is in a collision etc. Features can also be continuous valued, for
example, we could have features corresponding to the squared distance to the

target position or orientation.

(ii) A reward function for trajectory following tasks—here the key is to find a trajec-
tory in state-space that corresponds to the task to be executed. Hand-specifying
such a trajectory is often extremely time-consuming, or even impossible when
the system dynamics is very complex. A natural alternative is to use a set of
trajectories from expert demonstrations. As in most practical situations perfect
expert demonstrations are very hard to obtain, merely using a single trajectory
demonstrated by the expert is insufficient to capture their intent. We propose
an algorithm that automatically recovers the most likely intended expert tra-
jectory from a large set of sub-optimal demonstrations. Most likely here is with
respect to a probabilistic model that encodes the robot’s dynamics and models

how the expert tends to deviate from their intended trajectory.

1.2 Dynamics model

To apply model-based RL and optimal control algorithms when the dynamics are not
known in advance, the dynamics often need to be learned from observations of the
system. A key problem in learning the system dynamics is that of exploration: How
can we ensure that all relevant parts of the state space are visited sufficiently often
that we manage to build up a sufficiently accurate dynamics model for control?

A state-of-the-art answer to this problem in the reinforcement learning literature

is the F3-algorithm (Kearns and Singh, 2002) (and its variants/extensions: Kearns



CHAPTER 1. INTRODUCTION 4

and Koller, 1999; Kakade, Kearns and Langford, 2003; Brafman and Tennenholtz,
2002). These algorithms guarantee that near-optimal performance will be obtained
in time polynomial in the number of states of the system. To achieve its performance
guarantees, the E3-family of algorithms demand that we run exploration policies
on the unknown system until we have an accurate model for the entire state space
(or at least for the “reachable” parts of it). Such exhaustive exploration can take
an undesirably long time for complex systems. Moreover, the strong bias towards
exploration makes the policies generated by the E*-family often unacceptable for
running on a real system.

In this dissertation, we show that it is sufficient to learn a dynamics model from
expert demonstrations (and possibly, in addition, a few autonomous trials which
try to perform as well as possible, rather than explore) to attain strong performance
guarantees. Our theoretical results guarantee that the control policies we find perform
comparably to the expert. Here we evaluate performance on the same task and
environment as the expert—technically, we assume the expert and our autonomous
controller are acting in the same Markov decision process.

The system identification literature (see, e.g., Ljung, 1986) also considers the
problem of learning a dynamics model from data. This literature typically suggests
to ensure all modes of the system are being excited sufficiently during data collection.
Interestingly, our results suggest that such exhaustive data collection can be unneces-
sary, as it is sufficient to merely collect expert demonstrations of the task at hand to
learn to perform as well as the expert. In exchange for the additional data collection
efforts, traditional system identification methods can have additional guarantees: one
obtains a dynamics model of sufficient detail to then enable control algorithms to be
accompanied by performance guarantees beyond the operating/environmental regime
of the expert demonstrations. Examples of such guarantees include robustness to

certain perturbations, and global asymptotic stability.
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1.3 Model-based reinforcement learning / Opti-

mal control

Even when provided with a formal specification, e.g., in the form of a reward function,
and a good dynamics model, it is often computationally expensive to find closed-loop
controllers for high dimensional, stochastic domains. In fact, a very large fraction
of the optimal control and reinforcement learning literature focuses on exactly this
problem.

In the work described in this dissertation, we build upon existing algorithms from
the reinforcement learning and optimal control literature to find the optimal control
policy once we have a reward function and a dynamics model. We defer the specifics
of the algorithms we used to the corresponding experimental sections.

While we typically adapt the optimal control algorithms to our specific problem
setting, the key enablers for our results have been the apprenticeship learning al-
gorithms for learning a reward function and a dynamics model. For example, for
the challenging problem of autonomous helicopter aerobatics, we repeatedly tried
a variety of optimal control algorithms in combination with hand-specified reward
functions. However, only once we started using the apprenticeship learning tech-
niques presented in this dissertation in conjunction with optimal control algorithms,

did we succeed at having our helicopter fly high-performance aerobatics.

1.4 Overview of experimental results

Our algorithms do not only come with theoretical guarantees, but have also enabled
us to solve some previously unsolved real-world control problems: They have enabled
a quadruped robot to traverse challenging, previously unseen terrain. They have
significantly extended the state-of-the-art in autonomous helicopter flight. Our heli-
copter has performed by far the most challenging aerobatic maneuvers performed by
any autonomous helicopter to date, including maneuvers such as continuous in-place
flips, rolls and tic-tocs, which only exceptional expert human pilots can fly. Our

aerobatic flight performance is comparable to that of the best human pilots.
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We have also applied our algorithms to a variety of other problems, including:
Learning to drive according to different driving styles in a highway simulation; Learn-
ing to navigate a parking lot in a variety of styles; Learning to fly a trajectory with a
fixed-wing in a flight-simulator; Having a remotely controlled (RC) car learn to drive

trajectories at high-accuracy.

1.5 Contributions per chapter
We present the following contributions in the respective chapters of this dissertation:

e Chapter 2

For many control tasks, it is challenging to articulate the reward function cor-
responding to the task at hand. In Chapter 2 we describe how one can leverage
expert demonstrations to efficiently address this challenge. In particular, we
consider learning in a Markov decision process where we are not explicitly given
a reward function, but where instead we can observe an expert demonstrating

the task that we want to learn to perform.

We think of the expert as trying to maximize a reward function that is ex-
pressible as a linear combination of known features, and give an algorithm for
learning the task demonstrated by the expert. Our algorithm is based on using

“inverse reinforcement learning” to try to recover the unknown reward function.

We show that our algorithm terminates in a small number of iterations, and
that even though we may never recover the expert’s reward function, the policy
output by the algorithm will attain performance close to that of the expert,
where here performance is measured with respect to the expert’s unknown re-

ward function.

Besides providing theoretical guarantees, we also experimentally evaluated our
algorithm on a variety of control tasks. We applied our algorithm to a gridworld
simulation, to a highway driving simulation, to a parking lot navigation task,

and to a quadruped locomotion problem.
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e Chapter 3

For many systems the dynamics is complex and one needs to collect data from

the to build a good dynamics model.

In Chapter 3 we show that, in the apprenticeship learning setting, explicit ex-
ploration is not necessary to attain performance guarantees. We show that it
is sufficient to learn a dynamics model from expert demonstrations and pos-
sibly, in addition, a few autonomous trials which try to perform as well as
possible—rather than explicitly explore the state space. Our theoretical re-
sults guarantee that the control policies we find perform comparably to the
expert. Here we evaluate performance on the same task and environment as
the expert—technically, we assume the expert and our autonomous controller

are acting in the same Markov decision process.

e Chapter 4

Markov decision processes use a first-order Markov model to capture the dynam-
ics of the system to be controlled. Even when the true system is not first-order
Markov with respect to the chosen state space, it is common to approximate the
system dynamics using a first-order Markov model. When a first-order Markov
model’s parameters are estimated from data, the standard maximum likelihood
estimator considers only the first-order (single-step) transitions. If the first-
order conditional independence assumptions are not satisfied, the higher order
transition probabilities may be poorly approximated. Motivated by the prob-
lem of learning an MDP’s parameters for control, we propose an algorithm for
learning a first-order Markov model that explicitly takes into account higher or-
der interactions during training. Our algorithm uses an optimization criterion
different from maximum likelihood, and allows us to learn models that cap-
ture longer range effects, but without giving up the benefits of using first-order
Markov models. Our experimental results also show the new algorithm out-
performing conventional maximum likelihood estimation in a number of control

problems where the MDP’s parameters are estimated from data.
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e Chapter 5

In this chapter we describe the parameterization of our helicopter models. We
also present an efficient algorithm for (approximately) optimizing the lagged
criterion presented in Chapter 4 for continuous state-action space models and

apply it to helicopter modeling.

Our helicopter models are to great extent directly estimated from data, yet,
we incorporate well-known effects from physics (such as gravity and intertia)
by explicitly encoding them into an acceleration based model. Hence we avoid
these effects have to be estimated from data—as was the case in some prior
work on helicopter modeling in the machine learning community (e.g., Bagnell
& Schneider, 2001; Ng et al., 2004b). We compare our non-linear accelera-
tion based models to the linear models such as learned by CIFER (the industry
standard in linear modeling for helicopters), and show that the linear param-
eterization is often insatisfactory as it makes certain properties of dynamical

systems, such as inertia, fundamentally difficult to capture.

e Chapter 6

While a more accurate dynamics model will typically only improve the con-
trollers found when using model-based reinforcement learning (RL) algorithms,
a fully accurate dynamics model is not always necessary to find good controllers.
E.g., when a human learns to drive a car, they can learn to drive the car reli-
ably without necessarily building up a very detailed dynamics model. Instead,
we can learn to drive a car based upon a crude model and a small number of

real-life trials.

In Chapter 6, we present an algorithm that requires only an approximate model
(of a possibly complex system), and only a small number of real-life trials. The
key idea is that a real-life trial together with an approximate model can be

sufficient to obtain reasonable policy gradient estimates.

Our theoretical results show that, under certain assumptions, this algorithm

achieves near-optimal performance in the real system, even when the model is
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only approximate. Empirical results also demonstrate that—when given only
a crude model and a small number of real-life trials—our algorithm can obtain

near-optimal performance in the real system.

e Chapter 7

While trajectory following is a fairly common task in robotics, it is often very
challenging to specify the desired trajectory. Expert demonstrations of the tra-
jectory are a natural alternative to hand-coding the desired trajectory. However,
for challenging tasks, even for experts it can be difficult to demonstrate the de-
sired trajectories nicely. On the other hand, it is often easier to obtain many

sub-optimal demonstrations.

As repeated sub-optimal demonstrations tend to differ in their suboptimali-
ties, together they often encode the intended trajectory. In Chapter 7 we con-
sider the problem of learning an intended trajectory from a small number of
demonstrations from a sub-optimal expert. We present an algorithm that (i)
extracts the—initially unknown—intended trajectory from the sub-optimal ex-
pert’s demonstrations and (ii) learns a local model suitable for control along

the learned trajectory.

We apply our algorithm to learning trajectories for helicopter aerobatics.

e Chapter 8

In Chapter 8 we describe the application of the apprenticeship learning methods
presented in preceding chapters to the problem of autonomous helicopter flight.
They have enabled us to significantly extend the state of the art in autonomous
helicopter aerobatics. Our results include the first autonomous in-place flips,
in-place rolls, tic-tocs, loops and hurricane, and a complete airshow, which
requires autonomous transitions between these and various other maneuvers.

Our controllers perform as well, and often even better, than our expert pilot.

We posted movies of our autonomous helicopter flight results at:

http://heli.stanford.edu.
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e Chapter 9

We summarize and discuss our results and then expand on some directions for

future work.

1.6 First published appearances of the described

contributions

Most contributions described in this thesis have first appeared as various publications.

Below are the publications (crudely) corresponding to each of the chapters:

e Chapter 2: Abbeel and Ng (2004); Kolter, Abbeel and Ng (2008a); Abbeel,
Dolgov, Ng and Thrun (2008).

e Chapter 3: Abbeel and Ng (2005a).

e Chapter 4: Abbeel and Ng (2005b).

e Chapter 5: Abbeel, Ganapathi and Ng (2006a).
e Chapter 6: Abbeel, Quigley and Ng (2006b).

e Chapter 7: Coates, Abbeel and Ng (2008).

e Chapter 8: Abbeel, Coates, Quigley and Ng (2007); Coates, Abbeel and Ng
(2008).



Chapter 2

Apprenticeship Learning via

Inverse Reinforcement Learning

One of the key challenges when applying traditional control or reinforcement learning
methods is to provide a formal specification of the control task. The optimal control
and reinforcement learning formalisms require the specification of a reward (or cost)
function defining “goodness” of each possible state. This reward function is often
hard to specify. For example, what would be the correct reward function for “driving
well”?

In this chapter, we describe how one can leverage expert demonstrations to effi-
ciently address this challenge. In particular, we consider learning in a Markov decision
process where we are not explicitly given a reward function, but where instead we
can observe an expert demonstrating the task that we want to learn to perform. We
think of the expert as trying to maximize a reward function that is expressible as
a linear combination of known features, and give an algorithm for learning the task
demonstrated by the expert. Our algorithm is based on using “inverse reinforcement
learning” to try to recover the unknown reward function.

We show that our algorithm terminates in a small number of iterations, and that
even though we may never recover the expert’s reward function, the policy output
by the algorithm will attain performance close to that of the expert, where here

performance is measured with respect to the expert’s unknown reward function.

11
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Besides providing theoretical guarantees, we also experimentally evaluated our
algorithm on a variety of control tasks. We applied our algorithm to a gridworld
simulation, to a highway driving simulation, to a parking lot navigation task, and to

a quadruped locomotion problem.

2.1 Introduction

Given a sequential decision making problem posed in the Markov decision process
(MDP) formalism, a number of standard algorithms exist for finding an optimal or
near-optimal policy. In the MDP setting, we typically assume that a reward function
is given. Given a reward function and the MDP’s state transition probabilities, the
value function and optimal policy are exactly determined.

The MDP formalism is useful for many problems because it is often easier to
specify the reward function than to directly specify the value function (and/or optimal
policy). However, we believe that even the reward function is frequently difficult to
specify manually. Consider, for example, the task of highway driving. When driving,
we typically trade off many different desiderata, such as maintaining a safe following
distance, keeping away from the curb, staying far from any pedestrians, maintaining
a reasonable speed, perhaps a slight preference for driving in the middle lane, not
changing lanes too often, etc. To specify a reward function for the driving task, we
would have to assign a set of weights stating exactly how we would like to trade off
these different factors. Despite being able to drive competently, the authors do not
believe they can confidently specify a specific reward function for the task of “driving
well.”!

In practice, this means that the reward function is often manually tweaked (cf.
reward shaping, Ng et al., 1999) until the desired behavior is obtained. From conver-

sations with engineers in industry and our own experience in applying reinforcement

'We note that this is true even though the reward function may often be easy to state in English.
For instance, the “true” reward function that we are trying to maximize when driving is, perhaps,
our “personal happiness.” The practical problem however is how to model this (i.e., our happiness)
explicitly as a function of the problems’ states, so that a reinforcement learning algorithm can be
applied.
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learning algorithms to several robots, we believe that, for many problems, the diffi-
culty of manually specifying a reward function represents a significant barrier to the
broader applicability of reinforcement learning and optimal control algorithms.

When teaching a young adult to drive, rather than telling them what the reward
function is, it is much easier and more natural to demonstrate driving to them, and
have them learn from the demonstration. The task of learning from an expert is called
apprenticeship learning (also learning by watching, imitation learning, or learning
from demonstration).

A number of approaches have been proposed for apprenticeship learning in vari-
ous applications. Most of these methods try to directly mimic the demonstrator by
applying a supervised learning algorithm to learn a direct mapping from the states
to the actions. This literature is too wide to survey here, but some examples include
Sammut et al. (1992); Kuniyoshi et al. (1994); Demiris and Hayes (1994); Amit and
Mataric (2002); Pomerleau (1989). One notable exception is given in Atkeson and
Schaal (1997). They considered the problem of having a robot arm follow a demon-
strated trajectory, and used a reward function that quadratically penalizes deviation
from the desired trajectory. Note however, that this method is applicable only to
problems where the task is to mimic the expert’s trajectory. For highway driving,
blindly following the expert’s trajectory would not work, because the pattern of traffic
encountered is different each time.

Given that the entire field of reinforcement learning is founded on the presupposi-
tion that the reward function, rather than the policy or the value function, is the most
succinct, robust, and transferable definition of the task, it seems natural to consider
an approach to apprenticeship learning whereby the reward function is learned.?

The problem of deriving a reward function from observed behavior is referred to as
inverse reinforcement learning (Ng and Russell, 2000). In this paper, we assume that

the expert is trying (without necessarily succeeding) to optimize an unknown reward

2 A related idea is also seen in the biomechanics and cognitive science literature, where researchers
have pointed out that simple reward functions (usually ones constructed by hand) often suffice to
explain complicated behavior (policies). Examples include the minimum jerk principle to explain
limb movement in primates (Hogan, 1984), and the minimum torque-change model to explain tra-
jectories in human multi-joint arm movement (Uno et al., 1989). Related examples are also found
in economics and some other literatures. (See the discussion in Ng and Russell, 2000.)
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function that can be expressed as a linear combination of known “features.” Even
though we cannot guarantee that our algorithms will correctly recover the expert’s
true reward function, we show that our algorithm will nonetheless find a policy that
performs as well as the expert, where performance is measured with respect to the
expert’s unknown reward function.

Since our initial work on apprenticeship learning via inverse reinforcement learn-
ing (Abbeel and Ng, 2004) there has been a substantial body of closely related work,
which exploits succinctness of the reward function to efficiently learn to perform a
task from expert demonstrations. This body of work includes Kolter et al. (2008a);
Ratliff et al. (2006); Ratliff et al. (2007); Neu and Szepesvari (2007); Ramachandran
and Amir (2007); Syed and Schapire (2008). In Section 2.6 we discuss relationships
with our work.

The work described in this chapter has first appeared in Abbeel and Ng (2004);
Kolter, Abbeel and Ng (2008a); Abbeel, Dolgov, Ng and Thrun (2008).

2.2 Preliminaries

A (finite-state) Markov decision process (MDP) is a tuple (S, A, T, v, D, R), where S
denotes a set of states; A is a set of actions; T' = { P} is a set of state transition
probabilities (here, Py, is the state transition distribution upon taking action a in
state s); v € [0,1) is a discount factor; D is the initial-state distribution, from which
the start state sy is drawn; and R : S +— R is the reward function, which we assume
to be bounded in absolute value by 1. We let MDP\R denote an MDP without a
reward function, i.e., a tuple of the form (S,A,T,~, D).

We assume that there is some vector of features ¢ : S — [0,1]* over states, and
that there is some “true” reward function R*(s) = w*'¢(s), where w* € R*.3 In
order to ensure that the rewards are bounded by 1, we also assume ||w*||; < 1. In the
driving domain, ¢ might be a vector of features indicating the different desiderata in

driving that we would like to trade off, such as whether we have just collided with

3The case of state-action rewards R(s,a) offers no additional difficulties; using features of the
form ¢ : S x A — [0,1]%, and our algorithms still apply straightforwardly.



CHAPTER 2. APPRENTICESHIP LEARNING VIA INVERSE RL 15

another car, whether we’re driving in the middle lane, and so on. The (unknown)
vector w* specifies the relative weighting between these desiderata.
A (stationary) policy 7 is a mapping from states to probability distributions over

actions. The value of a policy 7 is

Esorn[V"(50)] = ZW (1) ] (2.1)
= E[thw%(st)lﬂ (2.2)
= w'ED)_7'(st)|n] (2.3)

Here, the expectation is taken with respect to the random state sequence sg, s1, . ..
drawn by starting from a state sqg ~ D, and picking actions according to 7. We define
the expected discounted accumulated feature value vector u(m), or more succinctly

the feature expectations, to be
Z'y o(s¢)|7] € RE. (2.4)

Using this notation, the value of a policy may be written E,,.p[V™(s0)] = w' u(n).
Given that the reward R is expressible as a linear combination of the features ¢, the
feature expectations for a given policy m completely determine the expected sum of
discounted rewards when acting according to that policy.

Let IT denote the set of stationary policies for an MDP. Given two policies 71, my €
II, we can construct a new policy 73 by mixing them together. Specifically, imagine
that w3 operates by flipping a coin with bias A, and with probability A picks and
always acts according to w1, and with probability 1 — A always acts according to ms.
From linearity of expectation, clearly we have that p(ms) = Au(m) + (1 — A pu(me).
Note that the randomization step selecting between 7, and 75 occurs only once at
the start of a trajectory, and not on every step taken in the MDP. More generally, if

we have found some set of policies 7, ..., 7, and want to find a new policy whose
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feature expectations vector is a convex combination Y . Au(m) (A > 0,3, N =1)
of these policies’, then we can do so by mixing together the policies 7y, ..., 74, where
the probability of picking 7; is given by A;.

We assume access to demonstrations by some expert mg. Specifically, we assume
the ability to observe trajectories (state sequences) generated by the expert starting
from sg ~ D and taking actions according to wg. It may be helpful to think of 7 as
the optimal policy under the reward function R* = w*T¢, though we do not require
this to hold.

For our algorithm, we will require an estimate of the expert’s feature expectations
up = pu(mg). Specifically, given a set of m trajectories {s(()i), sgi), ...y, generated by

the expert, we denote the empirical estimate for pg by?

m

NN g0
=D > ols”). (2:5)
=1 t=0
In the sequel, we also assume access to a reinforcement learning (RL) algorithm

that can be used to solve an MDP\R augmented with a reward function R = w”¢.

2.3 Algorithm

We consider the following problem: Given an MDP\R, a feature mapping ¢ and the
expert’s feature expectations ug, find a policy whose performance is close to that of
the expert’s, on the unknown reward function R* = w*T¢. To accomplish this, we

will find a policy 7 such that [|u(7) — pg|l2 < €. For such a 7, we would have that

4In practice we truncate the trajectories after a finite number H of steps. If H = H, = log,, (e(1—
7)) is the e-horizon time, then this introduces at most € error into the approximation.



CHAPTER 2. APPRENTICESHIP LEARNING VIA INVERSE RL 17

for any w € R* (|lw]; < 1),

27 R(sy)|mg] — thR s) |7 (2.6)

IwM)—wum

< Jwllafl(7) = psll2
l-e=e (2.7)

IN

The first inequality follows from the fact that |z7y| < ||z||2/|y|l2, and the second
from |Jwl||2 < |Jw||; < 1. So the problem is reduced to finding a policy 7 that induces
feature expectations u(7) close to pg. Our apprenticeship learning algorithm for

finding such a policy 7 is as follows:

1. Randomly pick some policy 7(*), compute (or approximate via Monte Carlo)

pO = (7)), and set i = 1.

2. Compute a new “guess” of the reward function by solving the following convex

(quadratic) programming problem:

mm#Hw—Mh

s.t. Z)\j,u(j) =

i) _ _ (1) — BE—H
Set t( - HIUE ,UHQa w ||u; w2
3. If t®) < ¢, then terminate.
4. Using the RL algorithm, compute the optimal policy #® for the MDP using
rewards R = (w™)7¢.
5. Compute (or estimate) u® = p(7®).

6. Set i« =17+ 1, and go back to step 2.
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Upon termination, the policy # obtained as a mixture of the policies {7 : i =
0...n} with weights \; attains feature counts p, which are within e of the expert’s
feature counts pupg.

We now examine the algorithm in more detail. On iteration i, we have already
found some policies 7@, ... 70=Y . The optimization in Step 2 can be viewed as an
inverse reinforcement learning step in which we try to guess the reward function being
optimized by the expert. Solving the convex optimization problem gives us the feature
counts closest to the expert’s policy in reward feature space amongst feature counts
achievable by using a mixture policy of previously found policies 7@, ... 70=D . We
then set the guessed reward weights w® to be along the line connecting these closest
feature counts p and the expert’s feature counts pp.

We can also find the same w by solving the following convex (quadratic) program-

ming problem:®

maxy, t (2.8)
st. wlpg >0ty +¢, j=0,...,i—1 (2.9)
olls < 1 (2.10)

From Eqn. (2.9), we see the algorithm is trying to find a reward function R = w®T¢
such that B, p[V7™(s0)] = Eson[V™" (s0)] +t. Le., a reward on which the expert
does better, by a “margin” of ¢, than any of the ¢ policies we had found previously.
This step is similar to one used in (Ng and Russell, 2000), but unlike the algorithms
given there, because of the 2-norm constraint on w it cannot be posed as a linear
program (LP), but only as a quadratic program.’

Readers familiar with support vector machines (SVMs) will also recognize this

optimization as being equivalent to finding the maximum margin hyperplane sepa-

rating two sets of points. (Vapnik, 1998) The equivalence is obtained by associating

5A third alternative formulation, which we will not rely upon, to find w® is given by: t( =
MAX 1o <1 MiNje 0. (i—1)} WY (e — ), and let w®) be the value of w that attains this maximum.

6 Although we previously assumed that the w* specifying the “true” rewards satisfy ||w*||; < 1
(and our theoretical results will use this assumption), we still implement the algorithm using ||wlls <
1, as in Eq. (2.10).
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Figure 2.1: Three iterations of the max-margin version of the algorithm.

a label 1 with the expert’s feature expectations ug, and a label —1 with the feature
expectations {u(7)) : j = 0..(i — 1)}. The vector w® we want is the unit vector
orthogonal to the maximum margin separating hyperplane. So, besides a generic
quadratic program (QP) solver, an SVM solver can also be used to find w®.

In Figure 2.1 we show an example of what the first three iterations of the algorithm
could look like geometrically. Shown are several example u (), and the w’s given
by different iterations of the algorithm.

Now, suppose the algorithm terminates, with t™*" < ¢. (Whether the algorithm
terminates is discussed in Section 2.4.) Then directly from the optimization formu-

lation in Step 2.
Vw with ||w]ls <1 3is.t. wlp® > wpp — e (2.11)

Since ||w*||s < |lw*||; < 1, this means that there is at least one policy from the set
returned by the algorithm, whose performance under R* is at least as good as the
expert’s performance minus €. Thus, at this stage, we can ask the agent designer
to manually test/examine the policies found by the algorithm, and pick one with
acceptable performance. A slight extension of this method ensures that the agent
designer has to examine at most k + 1, rather than all n + 1, different policies (see
footnote 7).

Upon termination, the policy # obtained as a mixture of the policies {7 : i =
0...n} with weights \; attains feature counts p, which are within € of the expert’s
feature counts pg.

If we do not wish to ask for human help to select a policy, alternatively we can
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use the policy 7, which is obtained as a mixture of the policies {7 : i = 0...n}
with weights \;. It attains feature counts p, which are within € of the expert’s
feature counts pg. Following our previous discussion (Eq. 2.6-2.7), this policy attains
performance near that of the expert’s on the unknown reward function.”

Note that although we called one step of our algorithm an inverse RL step, our
algorithm does not necessarily recover the underlying reward function correctly. The
performance guarantees of our algorithm only depend on (approximately) matching

the feature expectations, not on recovering the true underlying reward function.

2.3.1 A simpler algorithm

The algorithm described above requires access to a QP (or SVM) solver. It is also
possible to change the algorithm so that no QP solver is needed. We will call the
previous, QP-based, algorithm the max-margin method, and the new algorithm the
projection method. Briefly, the projection method replaces step 2 of the algorithm
with the following:

- Set i =

S(i-2) (D=t T (up—p—2)
H + (p(i—D —g=2)T (-1 —(i—2))

projection of yp onto the line through (=2 and p-1).)

(u=Y — a(=2)) (This computes the orthogonal

- Set a1 = [ if fi lies in the convex hull of =2 and p(~Y, otherwise set p(*~1
equal to argminme{ﬁ(i_g)#(i_l)}H,u,E —zll2.

- Set w(l) = UE — Ia(’i*l)

- Set tO) = |lup — 5|

In the first iteration, we also set w) = pg — @ and @ = p©.

n Sections 2.4 and 2.5 we give convergence results for the projection algorithm,
and empirically compare it to the max-margin algorithm. An example showing three

iterations of the projection method is shown in Figure 2.2.

"In k-dimensional space, any point that is a convex combination of a set of N points, with N >
k41, can be written as a convex combination of a subset of only k4 1 points of the original N points
(Caratheodory’s Theorem, Rockafeller, 1970). Applying this to = arg min,ccoqur@)yn [[LE—Hl2

and {u(7)}7_, we obtain a set of k + 1 policies which is equally close to the expert’s feature
expectations and thus have same performance guarantees. (Co denotes convex hull.)
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Figure 2.2: Three iterations of the projection version of the algorithm.

2.4 Theoretical results

Most of the results in the previous section were predicated on the assumption that
the algorithm terminates with ¢t < e. If the algorithm sometimes does not terminate,
or if it sometimes takes a very (perhaps exponentially) large number of iterations
to terminate, then it would not be useful. In this section we provide convergence
guarantees for the algorithm.

The discussion so far has assumed we have the true expert feature expectations
wg available. In practice this is typically not the case, and we use a Monte Carlo

estimate fig from n expert demonstrations.

Theorem 1. Let an MDP\R, features ¢ : S — [0,1]%, and any ¢ > 0,5 > 0 be
given. Suppose the apprenticeship learning algorithm (either maz-margin or projection
version) is run using an estimate [ig for pg obtained by m Monte Carlo samples. In
order to ensure that with probability at least 1—0 the algorithm terminates by satisfying

the exit condition t%) < 7 in Step 3 after at most a number of iterations n satisfying

o 48k
n e —
T (1= y)%e

and outputs a policy & so that for any true reward R*(s) = w* ¢(s) (|w*||; < 1) we

have o -
E[> +'R*(s)|7] = EY_~A'R*(s))|ms] — €, (2.12)
t=0 t=0
it suffices that
i S 4k | 2k
TE et



CHAPTER 2. APPRENTICESHIP LEARNING VIA INVERSE RL 22

and that we use an MDP solver that, when given the MDP\R and a reward function
R® = ¢Tw® | returns a policy 7% such that
B[} RO (s0) 7] = max, B[} 772 7 RV (s¢) 7] — §.

We provide a complete proof of Theorem 1 in Appendix A.

In the case where the true reward function R* does not lie exactly in the span of
the basis functions ¢, the algorithm still enjoys a graceful degradation of performance.
Specifically, if R*(s) = w* ¢(s) + &(s) for some residual (error) term &(s), then our

algorithm will have performance that is worse than the expert’s by no more than

O(llelloo)-

2.5 Experiments

First, we run experiments on gridworlds, illustrating convergence and sampling com-
plexity. Second, we consider the problem of learning different styles for driving a
car in a highway driving simulation. Third, we consider the problem of parking lot
navigation. Last, we consider the problem of quadruped locomotion across highly

challenging terrains.

2.5.1 Gridworld

In our first set of experiments, we used 128 by 128 gridworlds with multiple sparse
rewards. The reward is not known to the algorithm, but we can sample trajectories
from an expert’s (optimal) policy. The agent has four actions to try to move in each
of the four compass directions, but with 30% chance an action fails and results in a
random move. The grid is divided into non-overlapping regions of 16 by 16 cells; we
call these 16x16 regions “macrocells.” A small number of the resulting 64 macrocells
have positive rewards. For each value of ¢ = 1,...,64, there is one feature ¢;(s)
indicating whether that state s is in macrocell 7. Thus, the rewards may be written

R* = (w*)T¢. The weights w* are generated randomly so as to give sparse rewards,
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Figure 2.3: A comparison of the convergence speeds of the max-margin and projection versions of
the algorithm on a 128x128 grid. Euclidean distance to the expert’s feature expectations is plotted
as a function of the number of iterations. We rescaled the feature expectations by (1 — ) such that
they are in [0, 1]*. The plot shows averages over 40 runs, with 1 s.e. errorbars.

which leads to fairly interesting/rich optimal policies.®

In the basic version, the algorithm is run using the 64-dimensional features ¢. We
also tried a version in which the algorithm knows exactly which macrocells have non-
zero rewards (but not their values), so that the dimension of ¢ is reduced to contain
only features corresponding to non-zero rewards.

In Figure 2.3, we compare the max-margin and projection versions of the algo-
rithm, when sz is known exactly. We plot the margin ¢ (distance to expert’s policy)
vs. the number of iterations, using all 64 macrocells as features. The expert’s policy
is the optimal policy with respect to the given MDP. The two algorithms exhibited
fairly similar rates of convergence, with the projection version doing slightly better.

The second set of experiments illustrates the performance of the algorithm as we
vary the number m of sampled expert trajectories used to estimate pp. The perfor-
mance measure is the value of the best policy in the set output by the algorithm. We

ran the algorithm once using all 64 features, and once using only the features that

8Details: We used v = 0.99, so the expected horizon is of the order of the gridsize. The true
reward function was generated as follows: For each macrocell ¢ (i = 1,...,64), with probability 0.9
the reward there is zero (w; = 0), and with probability 0.1 a weight w} is sampled uniformly from
[0,1]. Finally, w* is renormalized so that |[w*||; = 1. Instances with fewer than two non-zero entries
in w* are non-interesting and were discarded. The initial state distribution is uniform over all states.
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Figure 2.4: Plot of performance vs. number of sampled trajectories from the expert. Averages over
20 instances are plotted, with 1 s.e. errorbars. Note the base-10 logarithm scale on the z-axis. (Best
viewed in color.)

truly correspond to non-zero rewards.” We also report on the performance of three
other simple algorithms. The “mimic the expert” algorithm picks whatever action
the expert had taken if it finds itself in a state in which it had previously observed the
expert, and picks an action randomly otherwise. The “parameterized policy stochas-
tic” uses a stochastic policy, with the probability of each action constant over each
macrocell and set to the empirical frequency observed for the expert in the macrocell.
The “parameterized policy majority vote” algorithm takes deterministically the most
frequently observed action in the macrocell. Results are shown in Figure 2.4. Using
our algorithm, only a few sampled expert trajectories—far fewer than for the other
methods—are needed to attain performance approaching that of the expert. (Note
log scale on z-axis.)!® Thus, by learning a compact representation of the reward func-
tion, our algorithm significantly outperforms the other methods. We also observe that

when the algorithm is told in advance which features have non-zero weight in the true

9Note that, as in the text, our apprenticeship learning algorithm assumes the ability to call a
reinforcement learning subroutine (in this case, an exact MDP solver using value iteration). In
these experiments, we are interested mainly in the question of how many times an expert must
demonstrate a task before we learn to perform the same task. In particular, we do not rely on the
expert’s demonstrations to learn the state transition probabilities.

10The parameterized policies never reach the expert’s performance, because their policy class is
not rich enough. Their restricted policy class is what makes them do better than the “mimic the
expert” algorithm initially.
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Figure 2.5: Screenshot of driving simulator.

reward function, it is able to learn using fewer expert trajectories.

2.5.2 Car driving simulation

For our second experiment, we implemented a car-driving simulation, and applied
apprenticeship learning to try to learn different “driving styles.” (See also Abbeel &
Ng, 2004.) A screenshot of our simulator is shown in Figure 2.5. We are driving on a
highway at 25m/s (56mph), which is faster than all the other cars. The MDP has five
different actions, three of which cause the car to steer smoothly to one of the lanes,
and two of which cause us to drive off (but parallel to) the road, on either the left or
the right side. Because our speed is fixed, if we want to avoid hitting other cars it is
sometimes necessary to drive off the road.

The simulation runs at 10Hz, and in the experiments that follow, the expert’s
features were estimated from a single trajectory of 1200 samples (corresponding to
2 minutes of driving time). There were features indicating what lane the car is
currently in (including offroad-left and offroad-right, for a total of five features), and
the distance of the closest car in the current lane.!! Note that a distance of 0 from the

nearest car implies a collision. When running the apprenticeship learning algorithm,

" More precisely, we used the distance to the single closest car in its current lane, discretized to
the nearest car length between -7 to +2, for a total of 10 features.
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the step in which reinforcement learning was required was implemented by solving
a discretized version of the problem. In all of our experiments, the algorithm was
run for 30 iterations, and a policy was selected by inspection (per the discussion in
Section 2.3).

We wanted to demonstrate a variety of different driving styles (some corresponding
to highly unsafe driving) to see if the algorithm can mimic the same “style” in every

instance. We considered five styles:

1. Nice: The highest priority is to avoid collisions with other cars; we also prefer

the right lane over the middle lane over the left lane, over driving off-road.
2. Nasty: Hit as many other cars as possible.

3. Right lane nice: Drive in the right lane, but go off-road to avoid hitting cars in

the right lane.

4. Right lane nasty: Drive off-road on the right, but get back onto the road to hit

cars in the right lane.

5. Middle lane: Drive in the middle lane, ignoring all other cars (thus crashing

into all other cars in the middle lane).

After each style was demonstrated to the algorithm (by driving in the simulator
for 2 minutes), apprenticeship learning was used to try to find a policy that mimics
the demonstrated style. Videos of the demonstrations and of the resulting learned

policies are available at
http://www.cs.stanford.edu/ pabbeel/irl/.

In every instance, the algorithm was qualitatively able to mimic the demonstrated
driving style. Since no “true” reward was ever specified or used in the experiments,
we cannot report on the results of the algorithm according to R*. However, Table 2.1
shows, for each of the five driving styles, the feature expectations of the expert (as
estimated from the 2 minute demonstration), and the feature expectations of the
learned controller for the more interesting features. Also shown are the weights w

used to generate the policy shown. While our theory makes no guarantees about
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Table 2.1: Feature expectations of teacher [ip and of selected/learned policy u(7) (as estimated by
Monte Carlo). and weights w corresponding to the reward function that had been used to generate
the policy shown. (The table shows 6 of the more interesting features, out of a total of 15 features.)

Collision  Offroad Left Middle  Right Offroad

Left Lane Lane Lane Right

1 g 0.0000  0.0000 0.1325 0.2033 0.5983  0.0658
wu(7) 0.0001  0.0004 0.0904 0.2287 0.6041  0.0764
w -0.0767 -0.0439  0.0077  0.0078  0.0318 -0.0035
2 g 0.1167  0.0000 0.0633 0.4667 0.4700  0.0000
() 0.1332  0.0000 0.1045 0.3196 0.5759  0.0000
W 0.2340 -0.1098 0.0092 0.0487 0.0576 -0.0056
3 g 0.0000  0.0000 0.0000 0.0033 0.7058  0.2908
() 0.0000  0.0000  0.0000 0.0000 0.7447  0.2554
w -0.1056  -0.0051 -0.0573 -0.0386 0.0929  0.0081
4 [ 0.0600  0.0000 0.0000 0.0033 0.2908  0.7058
wu(7) 0.0569  0.0000 0.0000 0.0000 0.2666  0.7334
w 0.1079 -0.0001 -0.0487 -0.0666 0.0590  0.0564
5 f[ig 0.0600  0.0000 0.0000 1.0000 0.0000  0.0000
wu(7) 0.0542  0.0000 0.0000 1.0000 0.0000  0.0000
w 0.0094 -0.0108 -0.2765 0.8126 -0.5099 -0.0154

any set of weights w found, we note that the values generally make intuitive sense.
For instance, in the first driving style, we see negative rewards for collisions and for
driving offroad, and larger positive rewards for driving in the right lane than for the

other lanes.

2.5.3 Parking lot navigation

In these experiments, we consider the problem of navigating a robotic car in a parking
lot. In this setting, a policy corresponds to a path. Our path-planning algorithm is
based on the algorithm used by the Stanford racing team in the DARPA Urban
Challenge (Montemerlo et al., 2008).1? We have extended the existing algorithm by

12Qur apprenticeship learning algorithms were not used for the parking lot navigation during the
Urban Challenge race. We conducted all our experiments after the Urban Challenge race.
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introducing several new cost potentials, which allow us to model a wide range of
natural driving styles.

We define the state of the vehicle as (x,6,d), where x = (x,y) is the position of
the vehicle, @ is its orientation, and § = {0,1} determines the direction of motion:
forward (0 = 0) or backwards (6 = 1). Further, assume that the network of road
lanes is given as a directed graph G = (V, E), and let ag be the angle of edge E. We

define a distance between a point x and the graph G:
D(x,G) = mbin D(FE,x),

where D(F, x) is the 2D Euclidean distance between a point and a line segment. Also,

let us define a distance between an oriented point (x,6) and the graph G:

D(x,0,G) = min D(E,x),
{E:lag—0|<amin}
i.e., the distance to the nearest edge whose angle is close—within a,,;,—to the heading
of the car 6. Further, define an indicator function R(s), where R(s) = 1 if the car
is on the road, i.e., the 2D euclidean distance between x; and G is below a given
threshold: R(s) =1 <= D(x,G) < Dyoaq- Finally, let a; = a(arg minE(D(E,xi)))
be the angle of the edge E nearest to the trajectory point x;.

The objective of the path planner is to minimize the following potential defined
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over a trajectory s = {(x;,0;, ;) }:*3

W fopd X — Xj—1
> I+

3:4>1,0;=0
Wrey Z sz — X1 H + Wsw Z 1+
i1 1,61':1 261 51‘_
g 7o (2.13)
Wroad Z ||X7, — Xj-1 || + Wiane Z D(Xi7 92'7 g)+
i:R(s;)=0 i
Wir Z Sin2 (2(61 - az)) + Weurv Z (AXiJrl - AXi)Qa
i 1>1,i<]s|

where Ax; = x; — x;_1. The terms above respectively correspond to: (1) length
of trajectory driven forward, (2) length of trajectory drive in reverse, (3) number
of times the direction of motion switches, (4) length of trajectory driven off-road,
(5) an aggregate distance of the trajectory to the road-lane graph, (6) a measure of
misalignment of trajectory and the principal directions of the parking lot, and (7) a
measure of smoothness of the trajectory.

The path-planning problem defined above is a complex continuous-coordinate op-
timization program with multiple local minima. For computational reasons, we there-
fore follow a two-phase approach. The first phase performs an approximate discrete
global search that finds a solution in a neighborhood of the global optimum; the
second phase then fine-tunes the solution in continuous coordinates.

Our first phase uses a variant of A* search with a discrete set of control actions,
applied to the 4-dimensional kinematic state of the vehicle defined above. As this
phase uses a highly discretized set of control actions, it cannot cleanly accommodate
the potential terms in Eqn. 2.13 that correspond to local properties of the trajectory
(smoothness, alignment). As such, the first phase focuses on a subset of features that

affect global behavior. The local features are used in the subsequent second phase of

13In practice, the potential will also contain terms corresponding to hard constraints such as
collision avoidance, minimum turning radius of the vehicle, etc. Since these constraints must be
satisfied regardless of driving style, we fix their weights at large values (orders of magnitude higher
than other terms) and do not include them in learning. See a more thorough description of the core
of our path-planning algorithm (Dolgov et al., 2008) for details on modeling and implementing such
constraints in optimization.
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the optimization algorithm.

The main components that define the behavior of A* are the cost of a partial solu-
tion and the cost-to-go heuristics. The heuristics are described in (Dolgov et al., 2008).
The cost function is defined by the terms of the potential in Eqn. 2.13 that correspond
to the global features with the following weights: (W fud, Wrev, Wsws Wroads Wiane,) -

Due to coarse discretization used in our global search and for computational rea-
sons, we replace the continuous-coordinate version of the lane-attraction potential
with a discrete version similar to the on-road potential. Let us define an indicator
function L(s) = 1 if the car is in the correct lane, i.e., the distance between the
(oriented) car and the lane graph G is below a given threshold: L(s) = 1 <=
D(x,0,G) < Digne-

The lane-keeping potential is approximated as follows:

wZane Z HX’L - Xi*1H7

i:i>1,L(s;)=0

i.e., this term computes a (weighted) length of the path driven out of lane.

For computational reasons, the global A* uses a highly discretized set of control
actions, leading to paths that are suboptimal. The second phase of our algorithm
improves the quality of the solution by using conjugate-gradient, a very efficient
numerical continuous-coordinate optimization technique.

The input to the smoother is the trajectory produced by A* as defined in the
previous section. Since the global behavior of the trajectory is already determined,
the global features of the potential in Eqn. 2.13 are meaningless in the second phase
of our algorithm, since it only performs local adjustment.

The second phase therefore uses the potential terms corresponding to the weights
(Wgir, Weyrvs Wiane), and the optimization is performed using conjugate-gradient de-
scent. The implementation of conjugate-gradient requires a gradient of the objective
function, which can be computed analytically for all of these terms.

For our experimental evaluation, we used the Stanford Racing Team’s robotic ve-
hicle, Junior (Figure 2.6), which is equipped with several sensors modalities (RADAR,
LIDAR, cameras) and a high-precision GPS+IMU system. (See Montemerlo et al, 2008,



CHAPTER 2. APPRENTICESHIP LEARNING VIA INVERSE RL 31

Velodyne laser Applanix INS
Riegl laser l SICK LMS laser \

Bosch Radar
IBEO laser SICK LDRS laser

Figure 2.6: All data used in this work was gathered using the Stanford Racing Team’s robotic
vehicle, Junior. Junior is equipped with several LIDAR and RADAR units, and a high-accuracy
inertial measurement system. The training data for the algorithm described in this paper was
obtained by manually driving Junior and recording it sensor readings.

for a detailed description of Junior.) For the purposes of our experiments, the
autonomous-driving capabilities of the vehicle were not used, rather the car was driven
by a human to collect training data. During such data-collection runs, we logged the
messages from the pose-estimation GPS+IMU system as well as the messages from
the car’s 3D LIDAR, which allowed us to later reproduce the exact obstacle maps of
the environment as well as the precise trajectories that were driven.

We asked a human driver to navigate a parking lot using three very distinct driving

styles:
e “Nice”: we tell the driver to drive in the right lane whenever safely possible.

e “Sloppy”: we tell the driver it is okay to deviate from the standard lanes. We

also tell the driver to only use forward driving.

e “Backward”: we allow the driver to drive backward, but only when it makes for

a shorter path to the goal.

For each driving style, we collected five demonstrations and ran our learning al-
gorithm five times: every time we learn from four of the demonstrations, and then

evaluate performance on the left-out fifth demonstration.
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We used the following variation on the max-margin version of the algorithm for
“ouessing” the cost function in each iteration:

min lwllz

By contrast, in the formulation in Section 2.3 we did not have the last three con-
straints, but just had a single constraint instead w = g — pg. The constraints
w > 0,w > u — pg encode the fact that we know the weights are positive, and the
contributions of the various potential terms to the distance are non-zero only when
the expert is outperforming the current best path ;9. Similar to Syed and Schapire
(2008), this allows us to learn to outperform the expert. By contrast in our origi-
nal formulation (Section 2.3) the sign of each potential term is considered unknown,
hence the algorithm learns to “match” the expert’s behaviour, rather than learning
to perform equally well or better. The constraint w € VW allows us to encode addi-
tional prior information. In our experiments we encode the prior information that the
weight for the potential term corresponding to backward driving has to be at least as
high as the one for forward driving.

When the algorithm exits, we have that ||y — pug|| < |Jw|| < e. Hence, when
stochastically choosing (according to z) between the paths found throughout the
iterations of the algorithm, we can perform as well as the expert up to some accuracy e.
To generalize to a new setting, we can correspondingly stochastically choose between
the weight vectors {w®, ..., w®} according to x, and then solve the resulting path-
planning problem. In practice, we inspected the training set and we chose the weight
vector that resulted in the path “closest” to the expert path as measured in cost
(reward) feature space.

Figures 2.7, 2.8, 2.9 show the nice expert demonstrations and the nice autonomous

navigation results, the sloppy expert demonstrations and the sloppy autonomous
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Figure 2.7: “Nice” parking lot navigation driving: expert demonstrations (a-e); trajectories found

by learning on four demonstrations, and testing on the fifth (f-j). (Best viewed in color. See text
for details.)

navigation results, and the backward expert demonstrations and the backward au-
tonomous navigations results respectively.

The initial state is shown as a car outline, and the goal state is a shaded rectangle
Gray objects are obstacles; the initial state of the car is denoted by a single rectangle;
the goal state is denoted by several concentric rectangles; the path’s z-y coordinates
are shown by a colored line with dots according to the planner’s time granularity.
Regularly spaced (in time), we overlay a triangle over the path to show the car’s
heading. The colored dots are replaced by black dots whenever the car is not in its
lane (L(s) = 0). When the car goes “off-road” (R(s) = 0), we use larger-sized black
circles. The green lines show the graph of driving lanes G. Expert demonstrations

are shown in blue, while trajectories produced by our path planner are shown in red.
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Figure 2.8: “Sloppy” parking lot navigation driving: expert demonstrations (a-e); trajectories found

by learning on four demonstrations, and testing on the fifth (f-j). (Best viewed in color. See text
for details.)

Inspecting the figures, we note that the learned navigation styles are very similar
to the expert’s styles. For example, whenever learning from a subset of four nice
demonstrations, it learns to keep the right-lane whenever possible. Whenever learning
from a subset of four backward demonstrations, it learns that backward driving is
allowed to make a shortcut, and successfully executes a shortcut on the left-out fifth
navigation task. When learning from the sloppy driver, it successfully learns to make a
shortcut through parking space whenever applicable. Interestingly, we learn similarity
at the level of the cost terms. E.g., when learning to cut across, it might cut across
at a different geographical location than the expert, since the geographical location
of the shortcut does not contribute to the cost function.

Table 2.4 gives a quantitative evaluation of our experiments. For each of the 15

learning /testing experiments, we report the empirical feature counts of the expert and

34
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Figure 2.9: “Backward” parking lot navigation driving: expert demonstrations (a-e); trajectories

found by learning on four demonstrations, and testing on the fifth (f-j). (Best viewed in color. See
text for details.)

the learned planner on the training data, the feature counts of the learned planner
on the test data and the learned weight vector. Inspecting the table, we note that
indeed, our algorithm finds a set of weights such that both at training and test
time the cumulative values of the cost functions are close to those obtained by the
expert. Looking more closely at the weight functions learned, we observe the relative

weightings for different driving qualitatively matches our intuition about these styles.

For the nice driver the penalty for going backward, off-lane, or off-road is much
higher than for the other two styles.

The backward driving styles has a cost for
going backwards that is as low as the cost for going forward. (Consistent with our

constrains on the weights: w € W, which enforces that backward driving is at least

as expensive as forward driving. This captures the fact we only want to learn about
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Table 2.2: Detailed experimental results for the nice navigation style. (See text for details.)

\ fwd rev sw  road lane’ curv dir  lane ‘
Nice 1 pg (train) | 160.82 0 0 1.25 9.0000 1.33 51.69 25.48
i (train) 155.32 0 0 1.25 9.25 1.35 49.85 15.37
e (test) 140.78 0 0 1.00 7.00 0.83 40.28 18.43
u (test) 136.95 0 0 1.00 6.00 1.20 38.70 4.13
w 1.00 96.85 2.44 440 24.40 100.00 1.36  2.00
Nice 2 pg (train) | 165.48 0 0 1.25 8.25 1.16 47.46 24.25
u (train) 160.84 0 0 1.25 6.75 1.15 43.89 11.51
e (test) 122.15 0 0 1.00 10.00 1.49 57.20 23.38
w (test) 183.94 0 0 1.00 10.00 1.72 56.13 13.80
w 1.00 94.20 2.37 10.44 31.80 100.00 2.00 1.67
Nice 3  pg (train) | 155.86 0 0 1.25 8.25 1.2611 50.53 21.60
u (train) 150.65 0 0 1.25 9.50 0.87 4193 19.76
puE (test) 160.62 0 0 1.00 10.00 1.10 44.95 33.97
1 (test) 155.72 0 0 1.00 6.00 0.82 43.69 22.15
w 1.00 83.16 2.40 17.37 52.69 100.00 2.00 0.36
Nice 4 pg (train) | 150.71 0 0 1.00 9.25 1.18 5291 24.74
o (train) 142.64 0 0 1.25 9.25 1.41 49.37 12.00
ue (test) 181.23 0 0 2.00 6.00 141 3540 21.38
u (test) 185.35 0 0 2.00 5.00 1.30 34.13 10.47
w 1.0000 83.94 195 19.50 50.70 100.00  2.00  1.98
Nice 5 pg (train) | 151.20 0 0 1.25 8.25 1.21 44.45 24.29
i (train) 147.06 0 0 1.25 9.75 147 41.91 13.07
uE (test) 179.30 0 0 1.00 10.00 1.31 69.23 23.20
u (test) 175.43 0 0 1.00 5.00 1.43 55.88 10.89
w 1.00 57.45 11.57 1.00 81.00 100.00 2.00 1.74

backward driving as a way to make a shortcut, not as a default driving style.) Similar
observations hold for the weights for other features. We also note the weight vector

entries are fairly consistent over different training runs.

2.5.4 Quadruped locomotion

In this section we consider the task of navigating a quadruped robot (shown in Figure
2.10(a)) over challenging, irregular terrains as the one shown in Figure 2.10(b,c). The
quadruped robot is designed and built by Boston Dynamics, Inc. The robot consists
of 12 independently actuated servo motors, three on each leg, with two at the hip

and one at the knee. It is equipped with an internal IMU and foot force sensors.
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Table 2.3: Detailed experimental results for the sloppy navigation style. (See text for details.)

’ \ fwd  rev sw road lane' curv dir  lane ‘
Sloppy 1  pg (train) | 61.79 0 0 850 29.50 0.61 41.05 32.08
u (train) 61.88 0 0 850 19.00 0.25 33.87 15.48
ug (test) | 78.77 0 0 10.00 28.00 0.77 35.56 25.14
u (test) 72.00 0 0 11.00 27.00 0.34 54.26 15.76
w 1.00 1.00 0.03 275 0.03 100.00 0.10 0.10
Sloppy 2 wg (train) | 68.82 0 0 850 28.25 0.74 40.12 31.77
u (train) 66.36 0 0 950 19.75 0.38 2249 19.66
wg (test) | 50.64 0 0 10.00 33.00 0.28 39.29 26.36
i (test) 53.83 0 0 10.00 25.00 0.36 22.34 16.61
w 1.00 2.00 2.00 2.00 0.00 100.00 2.00 0.02
Sloppy 3 pg (train) | 65.18 0 0 800 28.25 0.75 39.13 31.54
& (train) 63.50 0 0 850 19.50 0.29 37.56 14.59
pp (test) | 65.20 0 0 12.00 33.00 0.23 43.25 27.29
u (test) 65.23 0 0 13.00 26.00 0.13 41.88 16.11
w 1.00 2.00 2.00 2.00 0.00 100.00 0.10 0.10
Sloppy 4 pg (train) | 63.26 0 0 10.75 31.75 0.3912 39.39 26.80
i (train) 62.25 0 0 11.50 24.50 0.38 23.28 16.17
ug (test) | 72.91 0 0 1.00 19.00 1.66 42.19 46.26
w (test) 70.43 0 0 1.00 7.00 0.35 19.16 30.58
w 1.00 2.00 2.00 2.00 0.00 100.00 2.00 0.02
Sloppy 5 ug (train) | 66.88 0 0 825 28.25 0.73 40.07 31.26
u (train) 65.24 0 0 875 21.00 0.29 36.97 16.63
ug (test) | 58.42 0 0 11.00 33.00 0.29 3947 28.40
w (test) 58.28 0 0 12.00 20.00 0.14 4421 797
w 1.00 2.00 2.00 2.00 0.00 100.00 0.10 0.10

37



CHAPTER 2. APPRENTICESHIP LEARNING VIA INVERSE RL

\ fwd rev sw road lane' curv dir  lane ‘
Backward 1 pg (train) | 20.00 157.70 1.50 1.00 5.75 481 16.26 17.07
u (train) 26.63 124.04 2.75 1.00 850 12.37 49.90 38.59
ug (test) 6.19 13495 2.00 1.00 5.00 4.57 7.64 12.02
1 (test) 12.88 187.65 4.00 1.00 7.00 1546 63.71 32.38
w 1.00 1.00 0.11 0.64 2.04 100.00 2.00 1.31
Backward 2 pg (train) | 16.57 141.54 1.50 0.75  5.25 4.76  14.41 13.75
u (train) 23.28 84.54 225 0.75 12.00 1092  36.40 28.20
we (test) 19.88 199.55 2.00 2.00 7.00 4.78  15.04 25.33
u (test) 28.88 139.88 4.00 2.00 19.00 18.40 100.67 68.68
w 1.00 1.00 0.49 0.36 1.35 100.00 2.00 145
Backward 3 pg (train) | 14.40 16232 1.75 125 550 4.64 12.24 16.81
u (train) 26.73  74.76 5.00 1.25 16.00 13.30  89.27 87.54
ug (test) | 28.55 116.44 1.00 0 6.00 5.24  23.70 13.06
1 (test) 31.16  89.07 1.00 0 11.00 4.70  28.06 16.95
w 1.00 1.00 0.04 0.15 0.95 100.00 2.00 181
Backward 4 up (train) | 14.96 157.20 1.50 1.00 5.50 4.76 13.13 14.19
1 (train) 23.51 119.31 3.75 1.00 13.00 10.94 64.23 39.85
ug (test) | 26.32 136.93 2.00 1.00 6.00 4.78  20.16 23.53
1 (test) 2495 99.22 200 1.00 6.00 8.89  35.61 29.10
w 1.00 1.00 0.07 0.61 1.70  100.00 2.00 1.12
Backward 5 pg (train) | 20.24 146.97 1.75 1.00 6.00 4.84 16.64 18.48
u (train) 21.85 87.20 2.00 3.50 16.50 545  28.05 21.35
ug (test) 5.21 177.86 1.00 1.00 4.00 4.45 6.13  6.38
1 (test) 4.24 186.81 3.00 3.00 5.00 15.78 16.51 30.04
w 1.00 1.00 0.15 1.55  6.50 100.00 2.00 0.12
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Table 2.4: Detailed experimental results for the backward navigation style. (See text for details.)
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We estimate the robot’s state using a motion capture system that tracks reflective
markers on the robot’s body. We perform all computation on a desktop computer,

and send commands to the robot via a wireless connection.

) (b) (©

Figure 2.10: (a) LittleDog robot, designed and built by Boston Dynamics, Inc. (b) Typical terrain.
(c) Height map of the depicted terrain. (Black = Ocm altitude, white = 12cm altitude.)

In a naive approach, the dimensionality of the state space is prohibitively large: the
robot has 12 independently actuated joints, and the state must also specify the current
three-dimensional position and orientation of the robot, leading to an 18-dimensional
state space that is well beyond the capabilities of standard RL algorithms. Fortu-
nately, this control task succumbs very naturally to a hierarchical decomposition.
Our high-level controller is a body path planner, that plans an approximate trajectory
for the robot’s center of mass over the terrain; our low-level controller is a footstep
planner that, given a path for the robot’s center, plans a set of footsteps that follow
this path. Finally, there is a joint level controller which plans the joint movements to
achieve these footsteps. A more complete description of the control system is outside
the scope of this thesis and can be found in Kolter et al. (2008b). Here we focus on
finding a reward function both for the high-level controller and for the low-level con-
troller that results in good performance on the task of traversing previously unseen,
irregular terrains.

The footstep planner uses a reward function that specifies the relative trade-off
between several different features of the robot’s state, including (i) several features

capturing the roughness and slope of the terrain at several different spatial scales
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around the robot’s feet, (ii) distance of the foot location from the robot’s desired cen-
ter, (iii) the area and inradius of the support triangle formed by the three stationary
feet, and other similar features. Kinematic feasibility is required for all candidate foot
locations and collision of the legs with obstacles is forbidden. To form the high-level
cost, we aggregate features from the footstep planner. In particular, for each foot we
consider all the footstep features within a 3 cm radius of the foot’s “home” position
(the desired position of the foot relative to the center of mass in the absence of all
other discriminating features), and aggregate these features to form the features for
the body path planner. While this is an approximation, we found that it performed
very well in practice, possibly due to its ability to account for stochasticity of the
domain. After forming the cost function for both levels, we used value iteration to
find the optimal policy for the body path planner, and a five-step lookahead receding
horizon search to find a good set of footsteps for the footstep planner.

As we use a hierarchical reinforcement learning algorithm, we adapted our appren-
ticeship learning algorithms to match this hierarchical structure. In particular, we
adapted them to take demonstrations at both levels of the hierarchy—a body path,
and a preference between footsteps. The full details fall outside the scope of this
thesis and can be found in Kolter et al. (2008a).

All experiments were carried out on two terrains: a relatively easy terrain for
training, and a significantly more challenging terrain for testing. To give advice at
the high level, we specified complete body trajectories for the robot’s center of mass,
as shown in Figure 2.11(a). To give advice for the low level we looked for situations
in which the robot stepped in a suboptimal location, and then indicated the correct
greedy foot placement, as shown in Figure 2.11(b). The entire training set consisted
of a single high-level path demonstration across the training terrain, and 20 low-level
footstep demonstrations on this terrain; it took about 10 minutes to collect the data.

Even from this small amount of training data, the learned system achieved excel-
lent performance, not only on the training board, but also on the much more difficult
testing board. Figure 2.12 shows snapshots of the quadruped crossing the testing
board. Figure 2.13 shows the resulting footsteps taken for each of the different types

of constraints, which shows a very large qualitative difference between the footsteps
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Footstep Demonstrated

Dby Expert

‘ | '
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Figure 2.11: (a) High-level (path) expert demonstration. (b) Low-level (footstep) expert demon-
stration.

Figure 2.12: Snapshots of quadruped while traversing the testing terrain.

chosen before and after training. Table 2.5 shows the crossing times when taking
into account different subsets of the demonstrations. As shown, he HAL algorithm
outperforms all the intermediate methods. Using only footstep demonstrations does
quite well on the training board, but on the testing board the lack of high-level train-
ing leads the robot to take a very roundabout route, and it performs much worse.
The quadruped fails at crossing the testing terrain when learning from the path-level
demonstration only or when not learning at all.

Videos of the results in this section are available at
http://www.cs.stanford.edu/ pabbeel/quadruped-thesis.

Prior to undertaking our apprenticeship learning work, we invested several weeks
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Figure 2.13: Body and footstep plans for different constraints on the training (left) and testing
(right) terrains: (Red) No Learning, (Green) HAL, (Blue) Path Only, (Yellow) Footstep Only. (Best
viewed in color.)

HAL Feet Only Path Only No Learning
Training | Time (sec) | 31.03 33.46 — 40.25
Testing | Time (sec) | 35.25 45.70 — —

Table 2.5: Execution times for different constraints on training and testing terrains. Dashes indicate
that the robot fell over and did not reach the goal.

attempting to hand-tune controller capable of picking good footsteps across challeng-
ing terrain. However, none of our previous efforts could significantly outperform the
controller presented here, learned from about 10 minutes worth of data, and many of

our previous efforts performed substantially worse.

2.6 Related work

Both the max-margin and the projection algorithm iteratively solve the following

optimization problem:
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min 2(7) — o3 (2.14)

Fell

Here 11 is the set of mixtures of stationary policies of the MDP. Recall, as de-
scribed in Section 2.2, when executing a mixture of the policies 7y, ..., 7y with mix-
ture weights pq, ..., p4, we do so by randomly choosing a single policy (according to
the mixture weights p) and then adhering to that policy from then on.

Syed and Schapire (2008) consider a very similar setting to ours. Namely, they
also assume an MDP\R, a set of features ¢(-) and expert demonstrations are given.
Additionally they assume all the entries of the weight vector w are positive. They
then propose the following optimization problem to find a weight vector w and a

policy 7 that capture the expert demonstration:

max..; min  w' (7)) —w' g (2.15)

w:||w||=1,w>0
To see the relationship between our formulation, as given in Eqn. (2.14), and the
formulation by Syed and Schapire in Eqn. (2.15), we take the Lagrangian dual of the

minimization over w and obtain the following optimization problem:

MaXesq 7ell §

s.t. () > pe + €1 (2.16)

Hence, there are two differences with our formulation: (i) Rather than finding the
policy that is closest (in feature space) to the expert’s demonstration, Syed and
Schapire’s formulation suggests to compute a policy 7 that is better than the expert.
This is possible as they assume knowledge of the fact that all the reward weights are
positive. (ii) They use the infinity norm to measure distance from the expert rather
than the 2-norm.

Ratliff et al. (2006) and their later extension (Ratliff et al., 2007) also consider
the same apprenticeship learning setting as ours. I.e., they assume an MDP\R, a
set of features ¢(-), and expert demonstrations are given. They suggest the following

max-margin optimization problem to find a weight vector that explains the expert
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demonstrations well:14

min ol + 8¢ (217
s.t. w FAg+¢>dv (2.18)
v(s) > (W' F+1)(s,a) + >, P(s'|s,a)v(s). (2.19)

Here A\g denotes the state action visitation rates of the expert, i.e., each entry
Ae(s,a) = E[>"2,7"1{ expert in state s and takes action a at time ¢}]. The matrix
F' is defined such that = F'A, hence F' is a matrix tabulation of the features ¢(-).
The vector d is the initial state distribution. The loss function {(s, a) represents prior
information on how bad it is to visit the state (s, a). This is similar to loss functions in
supervised learning structured prediction. For example, for a path planning problem
l(s,a) could be equal to the distance between s and the nearest state visited by the
expert demonstration. (See Ratliff et al., 2006 for details.) Their constraints enforce
(i) The expert performance (w'FAg) is higher than the performance of the value
function v in the MDP, up to some slack ¢; (ii) The value function v has to satisfy the
Bellman equation, where the reward function is equal to the learned reward function
w' F plus a loss function . Their objective (Eqn. 2.17) regularizes the weight vector
w and penalizes for a non-zero slack variable (. To illustrate the close relationship
with our formulation, we take the Lagrangian dual of the optimization problem in
Eqn. (2.17, 2.18, 2.19), which gives us:

nzr%,iAnzo sIEFAE = FAIIE =32, 4 A(s, a)l(s, a) (2.20)
5.t k< B (2.21)

Do A8 a) = kd(s) + 32, , P(sls’, a)A(s', a). (2.22)

In case we replace the second constraint by A = 1, and have a constant loss function [,
then the formulation of Ratliff et al. (2006) becomes very similar to our formulation.
In general, the optimization problem is very similar to ours (as given in Eqn. 2.14), yet

differs in (i) The objective is augmented with a loss function; (ii) Mixture policies are

14The formulation in their paper also considers the case of multiple MDPs.
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not considered; (iii) The regularization allows one to scale down x, which effectively
scales down w. From the solution of the optimization problem in Eqn. (2.22), we can
find the weight vector as w = kFAg — F\.

Neu and Szepesvari (2007) and Ramachandran and Amir (2007) also consider
the same setting. They use a loss function which operates directly in policy space
rather than reward feature space. Concretely, Neu and Szepesvari (2007) formulate
an optimization problem that finds the reward function such that the policy obtained
in the MDP when using that reward function takes similar actions as the expert
(as measured with some loss function). Ramachandran and Amir (2007) consider
the Q-function induced by a choice of reward function. Their approach maintains a
probability distribution over reward functions. The likelihood of a reward function
is the product of the likelihood of each of the expert’s actions. The likelihood of an
action a in state s is given by %. We refer the reader to their papers for

more details.

2.7 Discussion and Conclusions

When applying reinforcement learning algorithms, often one of the key challenges is
to provide a reward function that properly articulates the task we want the system
to perform. Rather than articulating the reward function, it can often be more con-
venient to have an expert demonstrate the desired task. In this chapter we presented
an algorithm that takes advantage of expert demonstrations to alleviate the need to
explicitly specify a reward function.

We assumed the expert is trying to maximize a reward function expressible as a
linear combination of known features. We presented an apprenticeship learning algo-
rithm based on inverse reinforcement learning. The presented algorithm terminates
in a small number of iterations, and guarantees that the policy found will have per-
formance comparable to or better than that of the expert, on the expert’s unknown
reward function.

Our algorithm assumed the reward function is expressible as a linear function of

known features. If the set of features is sufficiently rich, this assumption is fairly
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unrestrictive. (In the extreme case where there is a separate feature for each state-
action pair, fully general reward functions can be learned.) However, it remains an
important problem to develop methods for learning reward functions that may be non-
linear functions of the features, and to incorporate automatic feature construction and
feature selection ideas into our algorithms. See in Ratliff et al. (2007) for some recent
work in this direction.

It might be possible to derive an alternative apprenticeship learning algorithm
using the dual to the LP that is used to solve Bellman’s equations. (Manne, 1960)
Specifically, in this LP the variables are the state/action visitation rates, and it is
possible to place constraints on the learned policy’s stationary distribution directly.
While there are few algorithms for approximating this dual (as opposed to primal)
LP for large MDPs and exact solutions would be feasible only for small MDPs, we

consider this an interesting direction for future work.



Chapter 3

Exploration and Apprenticeship
Learning in Reinforcement

Learning

Two of the key challenges when applying traditional control and reinforcement learn-
ing methods are that they require (i) an appropriate reward function, and (ii) a
dynamics model that is sufficiently accurate. In the previous chapter we described
how we can leverage expert demonstrations to learn the reward function, which alle-
viates the need for the (often very time-consuming) process of hand-engineering an
appropriate reward function. In this chapter we describe how we can leverage expert

demonstrations to obtain a good dynamics model.

3.1 Introduction

The reinforcement learning and optimal control literatures provide a powerful set
of tools for modeling and solving control problems, and many algorithms exist for
finding (near) optimal solutions for a given Markov decision process (MDP). (See,
e.g., Bertsekas & Tsitsiklis, 1996; Sutton & Barto, 1998; Anderson & Moore, 1989;
Zhou et al., 1995.) To apply these algorithms to control problems in which the

dynamics are not known in advance, the parameters of the MDP typically need to be

47
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learned from observations of the system.

A key problem in learning an MDP’s parameters is that of exploration: How
can we ensure that all relevant parts of the MDP are visited sufficiently often that
we manage to collect accurate statistics for their state transition probabilities? A
state-of-the-art answer to this problem in the reinforcement learning literature is
the E3-algorithm (Kearns and Singh, 2002) (and variants/extensions: Kearns and
Koller, 1999; Kakade, Kearns and Langford, 2003; Brafman and Tennenholtz, 2002).
These algorithms guarantee that near-optimal performance will be obtained in time
polynomial in the number of states of the system. The basic idea of E? is that it will
repeatedly apply an “exploration policy,” i.e., one that tries to visit state-action pairs
whose transition dynamics are still inaccurately modeled. After a polynomial number
of iterations, it will deem itself to have modeled enough of the MDP accurately. Then,
it will apply an “exploitation policy,” which (given the current MDP model) tries to
maximize the sum of rewards obtained over time. In the original E* work (Kearns
and Singh, 2002), the algorithm would explicitly use an exploration policy until the
model was considered accurate enough, after which it switched to an exploitation
policy. In later variants such as the R-Max algorithm by Brafman and Tennenholtz
(2002) this choice of exploration vs. exploitation policy was made less explicitly, but
through a reward scheme reminiscent of “optimism in the face of uncertainty,” (e.g.,
Kaelbling, Littman and Moore, 1996). However, the algorithm still tends to end up
generating (and using) exploration policies in its initial stage.

To achieve its performance guarantees, the E3-family of algorithms demand that
we run exploration policies on the unknown system until we have an accurate model
for the entire MDP (or at least for the “reachable” parts of it). The strong bias to-
wards exploration makes the policies generated by the E3-family often unacceptable
for running on a real system. Consider for example running E® on an autonomous
helicopter. This would require executing policies that aggressively explore different
parts of the state-space, including parts of it that would lead to crashing the heli-

1

copter.” As a second example, if the system to be controlled is a chemical plant,

ndeed, in our work on autonomous helicopter flight, our first crash occurred during (manual
flight) exploration, when a human pilot was over-aggressive in exploring the boundaries of the flight
envelope (moving the control sticks through their extreme ranges), which placed excessive strain on
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E3-generated policies may well cause an explosion in the plant through its aggressive
exploration of the entire state space. Despite the strong theoretical results, for many
robotics and other applications, we do not believe that E? is a practical algorithm.
In this chapter, we consider the apprenticeship learning setting, in which we have
available an initial teacher demonstration of the task to be learned. For example, we
may have a human pilot give us an initial demonstration of helicopter flight. Given
this initial training data with which to learn the dynamics, we show that it suffices to
only execute exploitation policies (ones that try to do as well as possible, given the

current model of the MDP). More specifically, we propose the following algorithm:

1. Have a teacher demonstrate the task to be learned, and record the state-action

trajectories of the teacher’s demonstration.

2. Use all state-action trajectories seen so far to learn a dynamics model for the
system. For this model, find a (near) optimal policy using any reinforcement

learning (RL) algorithm.

3. Test that policy by running it on the real system. If the performance is as good
as the teacher’s performance, stop. Otherwise, add the state-action trajectories

from the (unsuccessful) test to the training set, and go back to step 2.

Note that the algorithm we described uses a greedy policy with respect to the current
estimated model at every iteration. So there is never an explicit exploration step.

The algorithm we propose uses a greedy policy with respect to the current esti-
mated model at all times. So there is never an explicit exploration step. For systems
with complex dynamics, merely requiring expert demonstrations (rather than explicit
exploration through exhaustive data collection to capture all aspects of the systems
dynamics) can save a substantial amount of time. Beyond that, in practice, ex-
ploitation policies often tend to be more benign, and thus can be significantly more
palatable to deploy. For example, unlike E2, this is a procedure that can much more
safely and confidently be tried on an autonomous helicopter.

We note that the algorithm proposed above also parallels a reasonably common

practice in applied control, in which some initial policy is used to collect data and

the rotor head assembly and caused it to disintegrate in mid-air.
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build a model for a simulator. Then, if subsequently a controller is found that works
in simulation but not in real-life, the designer tries (usually manually) to adjust the
simulator to make it correctly predict the failure of this policy. If machine learning
is used to build the simulator, then a natural way to modify the simulator after
observing an unsuccessful policy is to add the data obtained from the unsuccessful
policy to the training set. Thus, our work can also be viewed as formally analyzing,
and thereby attempting to cast light on, the conditions under which a procedure like
this can be expected to lead to a good policy.

In fact, a large fraction of the traditional control literature considers the problem
of modeling system dynamics from data—typically referred to as system identifica-
tion. (See, e.g., Ljung, 1986.) Amongst others, the system identification literature
studies which “probing” signals can give us accuracy guarantees about the resulting
models. Interestingly, our algorithm can be seen as choosing a very specific set of
probing signals, namely expert demonstrations of the task at hand. Our results show
that, if our autonomous control policy acts on the same system and in the same
conditions as the expert (technically, in the same Markov decision process), then it
is sufficient to merely collect expert demonstrations of the task at hand rather than
to exhaustively excite all dynamical modes of the system. The system identifica-
tion literature typically suggests to ensure all modes of the system are being excited
sufficiently during data collection. In exchange for this more exhaustive data col-
lection procedure—which could take substantially longer for complex systems—the
traditional system identification algorithms can attain stronger guarantees (typically
under certain model structure assumptions). For example, assuming we follow their
prescribed data collection procedures, the system identification algorithms ensure us
that we obtain dynamics models of sufficient detail to enable our control algorithms
to be accompanied by performance guarantees, such as robustness to certain pertur-
bations, and global asymptotic stability in the presence of bounded external pertur-
bations. More exhaustive data collection (probing) efforts can be worthwhile when
the expert is demonstrating in a different environment or operating conditions than
the conditions in which the autonomous system will be tested. This could happen,

e.g., when the testing environment is not available at demonstration time.
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Previous work has shown the effectiveness of using teacher or expert demonstra-
tions (called apprenticeship learning, also imitation learning, and learning by watch-
ing) in various ways for control. Schaal and Atkeson (1994) and Smart and Kaelbling
(2000) both give examples where learning is significantly faster when bootstrapping
from a teacher. Their methods are somewhat related in spirit, but different in detail
from ours (e.g., Smart and Kaelbling, 2000, uses model-free Q-learning, and does not
learn the MDP parameters), and had no formal guarantees.

Other examples include Sammut et al. (1992); Kuniyoshi, Inaba and Inoue (1994);
Demiris and Hayes (1994); Amit and Mataric (2002); and Pomerleau (1989), which
apply supervised learning to learn a parameterized policy from the demonstrations.
In these examples, neither the reward function nor the system dynamics need to
be specified since a policy is learned directly as a mapping from the states to the
actions. This approach has been applied successfully in a variety of applications, but
may require careful selection of an appropriate policy class parameterization, and
generally lacks strong performance guarantees. We showed in Chapter 2 how to use
the demonstrations to remove the need for explicitly specifying a reward function;
there, the system dynamics were assumed to be known.

In what follows, we prove that, with high probability, our algorithm given above
terminates with a policy whose performance is comparable to (or better than) the
teacher. In the case of discrete state MDPs, the algorithm scales at most polynomially
in the number of states. In the case of linearly parameterized dynamical systems,
we use a martingale over relative losses to show that the algorithm scales at most
polynomially in the dimension of the state space.

The work described in this chapter has first appeared in Abbeel and Ng (2005a).

3.2 Preliminaries

A Markov decision process (MDP) is a tuple (S, A,T,H, D, R), where S is a set
of states; A is a set of actions/inputs; T = {P(+|s,a)}s, is a set of state transition

probabilities (here, P(-|s, a) is the state transition distribution upon taking action a in
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state s); H is the horizon time of the MDP, so that the MDP terminates after H steps;?
D is a distribution over states from which the initial state sy is drawn; and R : S — R
is the reward function, which we assume to be non-negative and bounded by Rya.x. A
policy 7 is a mapping from states S to a probability distribution over the set of actions
A. The utility of a policy 7 in an MDP M is given by Uy () = B[S, R(s:)|m, M],
Here the expectation is over all possible state trajectories in the MDP M.

Specifying an MDP therefore requires specifying each item of the tuple (S, A,
T, H, D, R). In practice, the state transitions probabilities 7" are usually the most
difficult element of this tuple to specify, and must often be learned from data. More
precisely, the state space S and action space A are physical properties of the system
being controlled, and thus easily specified. R (and H) is typically given by the
task specification (or otherwise can be learned from a teacher demonstration, as
explained in Chapter 2). Finally, D is usually either known or can straightforwardly
be estimated from data. Thus, in the sequel, we will assume that S, A, H, D and
R are given, and focus exclusively on the problem of learning the state transition
dynamics T' of the MDP.

Consider an MDP M = (S, A, T, H, D, R), and suppose we have some approxima-
tion 7" of the transition probabilities. Thus, M = (S, AT, H,D, R) is our approxi-
mation to M. The Simulation Lemma (stated below) shows that so long as T is close
to T on states that are visited with high probability by a policy m, then the utility of
7 in M is close to the utility of 7 in M. The Simulation Lemma shows certain robust-
ness guarantees for policies we might find using model-based reinforcement learning,
in that, it can be sufficient to evaluate policies in an approximation of the true MDP.
(Related results are also given in Kearns and Singh, 2002; Kearns and Koller, 1999;
Kakade, Kearns and Langford, 2003; Brafman and Tennenholtz, 2002.)

Lemma 2 (Simulation Lemma). Let any e,7 > 0 be given. Let an MDP M =
(S, A, T,H,D, R) be given. Let M= (S, AT, H,D,R) be another MDP which only
differs from M in its transition probabilities. Let m be a policy over the state-action

sets S, A, so that m can be applied to both M and M. Assume there exists a set of

2Any infinite horizon MDP with discounted rewards can be e-approximated by a finite horizon
MDP, using a horizon He = [log. (e(1 —7)/Rmax)]-
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state-action pairs S_An C S x A such that the following holds

(i) V(s,a) € SA,, du(P(|s,a), P(|s,a)) <e,
(it) P({(st,ae)}iZg C SAy|m, M) > 1 1.

(Above, dysy denotes variational distance.?’) Then we have

Consider the special case where every state-action pair (s,a) € S x A satisfies con-
dition (i), in other words, SA, = S x A and thus condition (ii) is satisfied for n = 0.
Then the Simulation Lemma tells us that accurate transition probabilities are suf-
ficient for accurate policy evaluation. The Simulation Lemma also shows that not
necessarily all state-action pairs’ transition probabilities need to be accurately mod-
eled: it is sufficient to accurately model a subset of state-action pairs S_A77 such that
the probability of leaving this set S_An under the policy 7 is sufficiently small.

Let there be some event that has probability bounded away from zero. Suppose
we would like to observe that event some minimum number of times in a set of IID
experiments. The following lemma allows us to prove bounds on how often we need
to repeat the experiment to see that event at least the desired number of times (with

high probability).

Lemma 3. Let any 6 > 0 and a > 0 be given. Let {X;}", be IID Bernoulli(¢)
random variables. Then for Y ;" X; > a to hold with probability at least 1 — 0, it
suffices that m > %(a + log %)

3.3 Problem description

The problems we are concerned with in this chapter are control tasks that can be
described by an MDP M = (S, A, T, H, D, R). However the system dynamics 1" are

3Let P(-),Q(-) be two probability distributions over a set X, then the variational distance
dyar(P, Q) is defined as follows: dyar(P, Q) = % vex |1 P(@) — Q(z)|dz.
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unknown. Everything else in the specification of the MDP is assumed to be known.
We consider two specific classes of state-action spaces and transition probabilities,
which we will refer to as discrete dynamics and linearly parameterized dynamics

respectively.

e Discrete dynamics: The sets S and A are finite sets. The system dynamics T’
can be described by a set of transition probabilities P(s'|s, a), which denote the
probability of the next-state being s’ given the current state is s and the current
action is a. More specifically we have a multinomial distribution P(-|s,a) over

the set of states S for all state-action pairs (s,a) € S x A.

e Linearly parameterized dynamics: The sets S = R™ and A = R™ are now

continuous. We assume the system obeys the following dynamics:*
Tir1 = A¢($t) -+ But + Wy, (31)

where ¢(-) : R" — R"5. Thus, the next-state is a linear function of some
(possibly non-linear) features of the current state (plus noise). This generalizes
the familiar LQR model from classical control (Anderson and Moore, 1989) to
non-linear settings. For example, the (body-coordinates) helicopter model we
describe in Chapter 5 is of this form, with a particular choice of non-linear ¢, and
the unknown parameters A and B are estimated from data. The process noise
{wy}¢ is ID with wy ~ N(0,021,,). Here o2 is a fixed, known, constant. We
also assume that ||¢(s)||s < 1 for all s, and that the inputs u, satisfy |[u[s < 1.

3.4 Algorithm

Let mr be the policy of a teacher. Although it is natural to think of 7 as a good
policy for the MDP, we do not assume this to be the case. Let any a > 0 be given.

4We chose to adhere to the most commonly used notation for continuous systems. Le., states are
represented by x, inputs by u and the system matrices by A and B. We use script A for the set of
actions and standard font A for the system matrix.

5The generalizations to unknown o2, to non-diagonal noise covariances, and to non-linear features
over the inputs (B (ut) replacing Buy) offer no special difficulties.
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Our algorithm (with parameters Ny and k) is as follows:

1. Run Nr trials under the teacher’s policy mr. Save the state-action trajectories
encountered during these trials. Compute Uy, (w7)—an estimate of the utility of
the teacher’s policy 7 for the real system M—Dby averaging the sum of rewards

accumulated in each of the Ny trials. Initialize 7 = 1.

2. Using all state-action trajectories saved so far, estimate the system dynamics
T using maximum likelihood estimation for the discrete dynamics case, and
regularized linear regression for the linearly parameterized dynamics case (as
described below). Call the estimated dynamics T,

3. Find a /8 optimal policy® for the MDP MO = (S, A, 7O, H,D, R). Call this
policy 7.

4. Evaluate the utility of the policy 7 on the real system M. More specifically,
run the policy 7@ for k, trials on the system M. Let Uy (7®) be the average
sum of rewards accumulated in the k; trials. Save the state-action trajectories

encountered during these trials.

5. If Up (7)) > Ups(nr) — /2, return 70 and exit. Otherwise set i = i 4 1 and
go back to step 2.

In the i*" iteration of the algorithm, a policy is found using an estimate T of the true
system dynamics T'. For the discrete dynamics, the estimate used in the algorithm is
the maximum likelihood estimates for each of the multinomial distributions P(-|s, a).
For the linearly parameterized dynamics, the model parameters A, B are estimated
via regularized linear regression. In particular the k" rows of A and B are estimated

by” argmin, g, 3 (@ — (Ard(x8h) + Broube))? + 5 (| Ap: |13 + | B

Jj indexes over all state-action-state triples {(x((:ﬂ)rr, ull, xl(fe)xt)}J occurring after each

2), where

other in the trajectories observed for the system.

SA policy m; is an e-optimal policy for an MDP M if Ups (1) > max, Uy () — €.
"We use matlab-like notation. Ay,,. denotes the kR row of A.
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3.5 Main theorem

The following theorem gives performance and running time guarantees for the algo-

rithm described in Section 3.4.8

Theorem 4. Let an MDP M = (S, A,T,H, D, R) be given, except for its transition
probabilities T'. Let the system either be a discrete dynamics system or a linearly
parameterized dynamical system as defined in Section 3.3. Let any o > 0,0 > 0 be
given. Let wp be the teacher’s policy, and let w be the policy returned by the algorithm
defined above. Let N denote the number of iterations of the main loop of the algorithm
until the exit condition is met. Let T = (H, Ruax, |S|, |A|) for the discrete case, and

let T = (H, Rpax,ns,na, || Allr, || Bllg) for the linearly parameterized dynamics case.
Then for

UM(7T) > UM(T('T)
N

I
2
=
e,
=
Sl

to hold with probability at least 1 — 0, it suffices that

Nr = Q(poly(

I

QI Q|+
SO e e

,T)), (3.4)
T)).

ki = Q(poly( ) (3.5)

Y Y

Note that Eqn. (3.2) follows from the termination condition of our algorithm and
assuming we choose k; and Np large enough such that the utilities of the policies
{7®}; and 77 are sufficiently accurately evaluated in M.

The proof of this theorem is quite lengthy, and will make up most of the remainder
of this chapter. We now give a high-level sketch of the proof ideas. Our proof is based

on showing the following two facts:

8The performance guarantees in the theorem are stated with respect to the teacher’s demonstrated
performance. However, the proof requires only that the initial dynamical model be accurate for at
least one good policy. Thus, for example, it is sufficient to observe a few good teacher demonstrations
along with many bad demonstrations (ones generated via a highly sub-optimal policy); or even only
bad demonstrations that manage to visit good parts of the state space.



CHAPTER 3. EXPLORATION AND APPRENTICESHIP LEARNING IN RL 57

1. After we have collected sufficient data from the teacher, the estimated model
is accurate for evaluating the utility of the teacher’s policy in every iteration
of the algorithm. (Note this does not merely require that the model has to
be accurate after the Ny trials under the teacher’s policy, but also has to stay

accurate after extra data is collected from testing the policies {m(®};.)

2. One can visit inaccurately modeled state-action pairs only a “small” number of

times until all state-action pairs are accurately modeled.

We now sketch how these two facts can be proved. After we have collected sufficient
data from the teacher, the state-action pairs that are visited often under the teacher’s
policy are modeled well. From the Simulation Lemma we know that an accurate
model of the state-action pairs visited often under the teacher’s policy is sufficient for
accurate evaluation of the utility of the teacher’s policy. This establishes (1.). Every
time an inaccurate state-action pair is visited, the data collected for that state-action
pair can be used to improve the model. However the model can be improved only a
“small” number of times until it is accurate for all state-action pairs. This establishes
(2.).

We now explain how these two facts can be used to bound the number of iterations
of our algorithm. Consider the policy 7 found in iteration i of the algorithm. This
policy 7 is the optimal policy® for the current model. When finding this policy 79
in the model we could have chosen the teacher’s policy. So the policy 7 performs at
least as well as the teacher’s policy in the current model. Now if in the real system the
utility of the policy 7 is significantly lower than the teacher’s utility (which is the
case as long as the algorithm continues), then the model incorrectly predicted that
7@ was better than the teacher’s policy. From (1.) we have that the model correctly
evaluates the utility of the teacher’s policy. Thus the model must have evaluated the
policy 7 inaccurately. Using the (contrapositive of) the Simulation Lemma, we get
that the policy 7 must be visiting (with probability bounded away from 0) state-
action pairs that are not very accurately modeled. So when running the policy =

we can collect training data that allow us to improve the model. Now from (2.) we

9For simplicity of exposition in this informal discussion, we assume 7(") is optimal, rather than
near-optimal. The formal results in this chapter do not use this assumption.
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have that visiting inaccurately modeled state-action pairs can only happen a small
number of times until the dynamics is learned, thus giving us a bound on the number
of iterations of the algorithm.

The theorem will be proved for the discrete dynamics case in Section 3.6 and for

the linearly parameterized dynamics case in Section 3.7.

3.6 Discrete state space systems

In this section we prove Theorem 4 for the case of discrete dynamics.

The Hoeftfding inequality gives a bound on the number of samples that are suffi-
cient to estimate the expectation of a (bounded) random variable. In our algorithm,
we want to guarantee that the model is accurate (for the teacher’s policy) not only
when we have seen the samples from the teacher, but also any time after additional
samples are collected. The following lemma, which is a direct consequence of Hoeffd-

ing’s inequality (as shown in Appendix B), gives such a bound.

Lemma 5. Let any e > 0,6 > 0 be given. Let X; be IID k-valued multinomial random
variables, with distribution denoted by P. Let P, denote the n sample estimate of P.

Then for max,>ndyar(P(+), Po(+)) < € to hold with probability 1 — ¢, it suffices that
N > 2 log 'g—z.

12

Lemma 5 will serve two important purposes. In the proof of Lemma 6 it is used to
bound the number of trajectories needed under the teacher’s policy to guarantee that
frequently visited state-action pairs are accurately modeled in all models {]\7[ (i)}i.
This corresponds to establishing Fact (1.) of the proof outline in Section 3.5. In the
proof of Lemma 7 it is used to bound the total number of times a state-action pair
can be visited that is not accurately modeled. This latter fact corresponds exactly to

establishing Fact (2.) of the proof outline in Section 3.5.°

OFact (2.) follows completely straightforwardly from Lemma 5, so rather than stating it as a
separate lemma, we will instead derive it within the proof of Lemma 7.
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Lemma 6. Let any o > 0,6 > 0 be given. Assume we use the algorithm as described
in Section 3.4. Let Nt satisfy the following condition

_ 4096|S | A H® RS 32H2 Ry SIP| A

NT max 10g S

o3

Then with probability 1 — § we have that
Vi > Np Uy (7r) — Un(nr)| < /8.

Proof (sketch). Let € > 0,7 > 0. Let SA¢ C S x A be the set of state-action pairs
such that the probability of seeing any specific state-action pair (s,a) € SA; under

the policy mr in a single trial of duration H is at least | S|7|7 - From Lemma 5 and

Lemma 3 we have that for any (s,a) € SA¢ for
Vi > Np dyar(P(|s,a), PO (-]s,a)) < € (3.6)

to hold with probability 1 — § — 6", it is sufficient to have

2|8 S|? S|? 1
 2SUAL IS ISE 1

N .
T n ( 4e2 0'e 5”>

(3.7)
Taking a union bound over all state-action pairs (s,a) € SA¢ (note |SA¢| < |S||A])
gives that for Eqn. (3.6) to hold for all (s,a) € SA¢ with probability 1 — |S||.A|d" —
|S]|.A]0”, it suffices that Eqn. (3.7) is satisfied. We also have from the definition of
SAe that P({(ss,as)}L, € SA¢|mr) > 1 —n. Thus the Simulation Lemma gives us
that

Vi Uy () — Unt(m7)| < H?*€Ripase + H R

a/8
HQRmax ) 77

o/ and & =" = =2 to get the lemma. O

1 1 _0
Now choose € = 5 s TR SSIA

Lemma 6 shows that, after having seen the teacher sufficiently often, the learned
model will be accurate for evaluating the utility of the teacher’s policy. Moreover, no
later data collection (no matter under which policy the data is collected) can make the

model inaccurate for evaluation of the utility of the teacher’s policy. Le., Uy (7r)
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will be close to Uy (mr) for all .

Lemma 7. Let any a > 0,0 > 0 be given. Let

32H Ryax 4
Nubound - —(log -+
o) o
16°H*R2_|S|?|A| 64H?%Rynax|S|?| A
s 1 . 3.8
o2 0g ” ) (3.8)
Assume in the algorithm described in Section 3.4 we use
162H?R? 8 Nubound
k > max l uboun )
1 = 20[2 0g 5 ) (3 9)
4096|S|3|A|H° R 256 H? Rppax | S| A
Nz ASOISPLAI Ry 2501 R SP1AL 50
o !

Let N denote the number of iterations of the algorithm until it terminates. Then we

have that with probability 1 — & the following hold

(i) N < Nuvound; (3.11)
(i) Vi=1:N |Uye(nr) — Un(rr)| < % (3.12)
(i) Vi=1:N |Upy(rD) = Up(xD)| < % (3.13)
(iv) |Un(rr) — Unelrp)| < —. (3.14)

16

Proof (sketch). From Lemma 6 and from the Hoeffding inequality we have that for
Eqn. (3.12), (3.13) and (3.14) to hold (for all i < Nypouna) With probability 1 — 2, it
suffices that Eqn. (3.10) and Eqn. (3.9) are satisfied.

Now since the algorithm only exits in iteration N, we must have foralli =1: N—1
that

A

Ut (7D < Ups(mr) — /2. (3.15)

Combining Eqn. (3.15), (3.12), (3.13) and (3.14) and the fact that 7 is a/8-optimal
for M we get
Vi=1:N—1 Upye(n?) > Uy(n?) +a/s. (3.16)

In words: when the algorithm continues (in iterations ¢ = 1 : N — 1), the model
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overestimated the utility of 7(. Using the contrapositive of the Simulation Lemma

1_«a/8
2 H2Rmax

state-action pair (s,a) that satisfies

with € = we get that for all i = 1 : N — 1 the policy 7 must be visiting a

«

dvar(P('|S7a)’P(Z)HS’a)) = 16 H2 R ax

(3.17)

with probability at least From Lemma 3 and Lemma 5 we get that if the

16Hoémax'
algorithm had run for a number of iterations Nypounq then with probability 1 — g all

state-actions pairs would satisfy

«

(N
dvar<P(.|3,a),P( )(-|s,a)) < 16H2—}%max'

(3.18)

On the other hand we showed above that if the algorithm does not exit in iteration ¢,
there must be a state-action pair satisfying Eqn. (3.17), which contradicts Eqn. (3.18).

Thus Nypound gives an upper bound on the number of iterations of the algorithm. [

The proof of Theorem 4 for the case of discrete dynamics is a straightforward

consequence of Lemma 7.

Proof of Theorem J for discrete dynamics. First note that the conditions on Ny and
ki of Lemma 7 are satisfied in Theorem 4. So Lemma 7 proves the bound on the
number of iterations as stated in Eqn. (3.3). Now it only remains to prove that at
termination, Eqn. (3.2) holds. We have from the termination condition that U(r) >

U(rr) — a/2. Now using Eqn. (3.13) and Eqn. (3.14) we get U, > Uz, — 2o, which
implies Eqn. (3.2). O

3.7 Linearly parameterized dynamical systems

In this section we prove Theorem 4 for the case of linearly parameterized dynamics
described in Eqn. (3.1). As pointed out in Section 3.5, the performance guarantee
of Eqn. (3.2) follows from the termination condition of our algorithm and assuming
we choose k; and Ny large enough such that the utility of the policies {7(}; and 7

are sufficiently accurately evaluated in M. This leaves us to prove the bound on the
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number of iterations of the algorithm. As explained more extensively in Section 3.5,
there are two main parts to this proof. In Section 3.7.2 we establish the first part: the
estimated model is accurate for evaluating the utility of the teacher’s policy in every
iteration of the algorithm. In Section 3.7.3 we establish the second part: one can
visit inaccurately modeled states only a “small” number of times (since every such
visit improves the model). In Section 3.7.4 we combine these two results to prove

Theorem 4 for the case of linearly parameterized dynamical systems.

3.7.1 Preliminaries

The following proposition will allow us to relate accuracy of the expected value of
the next-state to variational distance for the next-state distribution. This will be
important for using the Simulation Lemma, which is stated in terms of variational

distance.

Proposition 8. We have

1
yar (N ,0'2In N ,02In < — .
( (Ml ) (Mz )) > \/%UHM /~L2||2

3.7.2 Accuracy of the model for the teacher’s policy

Given a set of state-action trajectories, the system matrices A, B are estimated by
solving ng separate regularized linear regression problems, one corresponding to each
row of A and B. After appropriately relabeling variables and data, each of these

regularized linear regression problems is of the form
7,0 I

Here # € R™s*™A corresponds to a row in A and B, and the norm bounds on u and
¢(z) result in ||z|l < v/2. The relabeled data points are kept in the same order as
they were collected. The training data collected from the teacher’s demonstration is
indexed from 1 to m = NpH. The additional training data collected when testing
the policies {7V }¥, is indexed from m + 1 to m = NrH + kyNH. The data is
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generated according to a true model M as described in Section 3.4. In the notation
of Eqn. (3.19), this means there is some 6* such that

Vi y@ =672 4@, (3.20)

where the {w®}; are IID, with w® ~ N(0,0?). The data generation process that we
just described will be referred to as “data generated according to Eqn. (3.20)” from
here on. Note that the training data {2}, in this setup are non-IID. The teacher’s
policy 7r induces a distribution over states z; and inputs u, at all times t. However
these distributions need not be the same for different times ¢, making the data non-
IID. Moreover, the training data indexed from m + 1 to m is obtained from various
policies and the resulting data generation process is very difficult to model. As a
consequence, our analysis will consider the worst-case scenario where an adversary

can choose the additional training data indexed from m + 1 to m.
For 1 <k < NyH + ki NH let the following equations define 6% and loss(k)(G):

k
. ) 1
loss®(9) = E (y“)—OTZ(Z))2+—2||9||§=
K
i=1

gk = argmein loss™ (8). (3.21)

The following lemma establishes that a “small” number of samples from the teacher’s
policy mr is sufficient to guarantee an accurate model 6™ for all time steps k = NrH
to NrH + ki NH.

Lemma 9. Let any § > 0,¢ > 0, > 0 be given. Consider data {y®, z()}NrH+kNH

generated as described in Eqn. (3.20). Let {0®)}, be defined as in Eqn. (3.21). Let
{g®, 2OYH | be data generated from one trial under mp (and appropriately relabeled

as described in paragraph above). Then for

P(maxer.z|07 2D — 0720 > €) < (3.22)
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to hold with probability 1 — & for all 6 € {é(k)}]kV:Tﬁ;HklNH, it suffices that

1
Nr =9 (poly(—,

Y

. |\9*uQ,ns,nA,k1,N>) |

S

1
n

(@)

If 6 satisfies Eqn. (3.22) then it is accurate for data generated under the teacher’s
policy and we refer to it as accurate in the discussion below; otherwise it is referred
to as inaccurate. We now sketch the key ideas in the proof of Lemma 9. A full proof
is provided in the appendix. The proof proceeds in four steps.

Step 1. For any inaccurate parameter # we establish that with high probability
the following holds

loss™MT ™) (9) > 1oss™M ™) (%) 4+ Q(Ny). (3.23)

L.e., the true parameter 8* outperforms an inaccurate parameter # by a margin of
Q(Ny) after seeing Ny trajectories from the teacher. The key idea is that the expected
value of the loss difference loss“7)(0) —loss™7#)(9*) is of order Ny for inaccurate 6.
Our proof establishes the concentration result for this non-1ID setting by looking at
a martingale over the differences in loss at every step and uses Azuma’s inequality to
prove the sum of these differences is close to its expected value with high probability.
Step 2. Let losst®) (9) = S2F Ny (U —0720)? be the additional loss incurred
over the additional data points {Z(i)}f:NTHH. We establish that for any —a < 0,

adv adv

P(3k > NrH : loss® (0) < loss¥) (0") —a) < exp(—%).
o

In words, the probability of 8 ever outperforming 6* by a margin a on the additional
data is exponentially small in a. The proof considers the random walk {7}

Zy, = lossgfi)v(Q) - losséz)v(G*).
Crudely speaking we exploit the fact that no matter how an adversary chooses each

additional data point 2 as a function of the history up to time i—1, the random walk

{Zx}r has a positive bias. More precisely, we use the Optional Stopping Theorem on
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the martingale Y}, = exp(52 Zj)."!

Step 3. Let 6 be an inaccurate parameter. From Step 1 we have that the
optimal #* outperforms 6 by a margin Q(N7) after having seen the initial data points
{20 yOYNTH “Step 2 says that the probability for 6 to ever make up for this margin
Q(N7) is exponentially small in Ny. Our proof combines these two results to show
that a “small” number of samples Ny from the teacher is sufficient to guarantee
(with high probability) that 6* has a smaller loss than 6 in every iteration, and thus
6 ¢ (BN,

Step 4. Our proof uses a covering argument to extend the result that 6 ¢
{é(k)}kN:Tﬁ:HklNH for one specific inaccurate 6 from Step 3 to hold for all inaccurate pa-
rameters # simultaneously. As a consequence, the estimated parameters ok through-
out all iterations k (NrH < k < NyH + k; N H) must be accurate. Which establishes

Lemma 9.

Theorem 10. Let any § > 0, > 0 be given. Let {MDYN | be the models estimated
throughout N iterations of the algorithm for the linearly parameterized dynamics case,
as described in Section 3.4. Then for Uy (mr)—Un(mr)| < a to hold for alli € 1 : N
with probability 1 — 0, it suffices that

9

H. B | Alle | Bl 75, 70 kl,N>) |

Q| r
S| =

Nr=Q (poly(

Proof (idea). From Prop. 8 and Lemma 9 we conclude that the estimated models
{M @1N | are close to the true model in variational distance with high probability
for states visited under the teacher’s policy. Using the Simulation Lemma gives the

resulting accuracy of utility evaluation. 0

Theorem 10 shows that a “small” number of samples from the teacher’s policy

mr is sufficient to guarantee accurate models ]\;[i(i) throughout all iterations of the

UDefinition(Martingale.) Let (2, F, P) be a probability space with a a filtration Fy, Fy,---.
Suppose that Xy, X1, - are random variables such that for all ¢ > 0, X; is F;-measurable. The
sequence Xy, X1, --- is a martingale provided, for all ¢ > 0, we have that E[X;1|F;] = X;. Due to
space constraints we can not expand on these concepts here. We refer the reader to, e.g., Durrett
(1995); Billingsley (1995); Williams (1991), for more details on martingales and stopping times.
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algorithm. An accurate model here means that the utility of the teacher’s policy 7

is accurately evaluated in that model, i.e., Uy (mr) is close to Uy (mr).

3.7.3 Bound on the number of inaccurate states visits

Based on the online learning results for regularized linear regression in Kakade and

Ng (2005), we can show the following result.

Lemma 11. Let any i > 0,0 > 0 be given. For the algorithm described in Section 3.4
we have with probability 1 — & that the number of times a state-action pair (x,u)
is encountered such that ||(A¢(z) + Bu) — (ADé(z) + BDu)||y > p is bounded by
N, = O(k1VEi N (log kyN)*poly ([ All v, | Bl 7, s, 4, log 5,

H,1)).

m

Lemma 11 is proved in the appendix. Lemma 11 is key to proving the bound on

the number of iterations in the algorithm.

3.7.4 Proof of Theorem 4 for linearly parameterized dynam-

ical systems

Proof (rough sketch). The conditions in Eqn. (3.4), (3.5) ensure that Uy (mr) and
{Upn (D}, are accurately evaluated with high probability (by the Hoeffding inequal-
ity) and Eqn. (3.4) also ensures that {Uy;u (7r)}; are accurate estimates of Uy ()
(by Theorem 10). Using the Simulation Lemma and the same reasoning as in the
proof of Lemma 7 gives us that if the algorithm does not terminate in step 4 of the

algorithm, then the policy 7() must be visiting a state-action pair (z,u) that satisfies

(67

P (%) S —
dvar(P(-|ZE,U),P (|{L‘7U>) = 16H2Rmax

(3.24)

with probability at least If (z,u) satisfies Eqn. (3.24) then we must have

(using Prop. 8) that

__«
16 H Rmax

V2Too

I(A(e) + Bu) = (AV9(2) + BOw)2 > mp—.
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From Lemma 11 this can happen only

O(k1+/ k1N (log klN)?’poly(HAHp, | B||F,ns, na,

1 1
log =, H, Ruax, — 92
og <. H, R a)) (3.25)

times in N iterations of the algorithm. On the other hand, if the algorithm continues,

we have from above that such an error must be encountered (with high probability)

(07

Q
( HRmax

N) (3.26)

times. Note that the lower bound on the number of state-action pairs encoun-
tered with large error in Eqn. (3.26) grows faster in N than the upper bound in
Eqn. (3.25).'2 Once the lower bound is larger than the upper bound we have a con-
tradiction. Thus from Eqn. (3.26) and (3.25) we can conclude that after a number of
iterations as given by Eqn. (3.3) the algorithm must have terminated with high prob-
ability. Also, since we chose ki, Ny such that {Uy (7}, and Uy (7r) are accurately

evaluated, Eqn. (3.2) holds when the algorithm terminates. O

3.8 Discussion

For many applications, especially in robotics, explicit exploration can be dangerous
for the system. In this chapter we presented an algorithm that leverages expert
demonstrations to learn a dynamics model without ever requiring explicit exploration.
We also provided theoretical guarantees. Concretely, we showed that our algorithm is
guaranteed to perform comparably to the expert on the task at hand while requiring
only a small number of expert demonstrations and a small number of autonomous
trials. For each of the autonomous trials, our algorithm generates a controller which
tries to perform as well as possible according to the current dynamics model.

Our results assume the teacher and our controller act in the same Markov decision

12Tn this proof sketch we ignore a dependence of k; on N. See Appendix B for a formal proof.
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process, where the Markov decision process includes both the robot and its environ-
ment. More explicit exploration methods from the system identification literature
(see, e.g., Ljung, 1986) try to explicitly excite all modes of the robot, even if the
“training” environment might not naturally do so. This can result in performance
guarantees, which extend to “testing” environments different from the training envi-
ronment. A future direction could be to extend our apprenticeship learning approach
to also distinguish between (robotic) system and environment. A modified algorithm
could ask the teacher to demonstrate good performance on the task in a variety of
environments. A clever choice of environments could directly influence the number

of demonstrations required.



Chapter 4

Learning First-Order Markov
Models for Control

Two of the key challenges when applying traditional control and reinforcement learn-
ing methods are the need for (i) an appropriate reward function, and (ii) a dynamics
model that is sufficiently accurate. In Chapter 2 we described how we can leverage
expert demonstrations to learn the reward function, which alleviates the need for the
(often very time-consuming) process of hand-engineering an appropriate reward func-
tion. In Chapter 3 we described how we can leverage expert demonstrations to obtain
a good dynamics model. While our treatment there focused on the data collection
procedure, in this chapter we focus on the estimation procedure: how to estimate the
dynamics model from a given data set already collected from the system. In Chap-
ter 5, we will describe the parameterization of our helicopter models and present an

extension of the algorithms presented in this chapter for that particular setting.

4.1 Introduction

First-order Markov models have enjoyed numerous successes in many sequence mod-

eling and in many control tasks, and are now a workhorse of machine learning.!

ITo simplify the exposition, in this paper we will consider only first-order Markov models. How-
ever, the problems we describe in this paper also arise with higher order models and with more

69
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First-order Markov models assume that the next state depends (stochastically) on
the current state and current inputs only. More generally, n’th order Markov models
assume the next state depends (stochastically) on the state in the last n timesteps
and the inputs only.

Even in control problems in which the system is suspected to have hidden state and
thus be non-Markov, a fully observed Markov decision process (MDP) model is often
favored over partially observable Markov decision process (POMDP) models, since it
is significantly easier to solve MDPs than POMDPs to obtain a controller (Kaelbling
et al., 1998).

When the parameters of a Markov model are not known a priori, they are of-
ten estimated from data using maximum likelihood (ML) (and perhaps smoothing).
However, in many applications the dynamics are not truly first-order Markov, and
the ML criterion may lead to poor modeling performance. In particular, we will show
that the ML model fitting criterion explicitly considers only the first-order (one-step)
transitions. If the dynamics are truly governed by a first-order system, then the
longer-range interactions would also be well modeled. But if the system is not first-
order, then interactions on longer time scales are often poorly approximated by a
model fit using maximum likelihood. In reinforcement learning and control tasks
where the goal is to maximize our long-term expected rewards, the predictive accu-
racy of a model on long time scales can have a significant impact on the attained
performance.

As a specific motivating example, consider a system whose dynamics are governed
by a random walk on the integers. Letting S; denote the state at time ¢, we initialize
the system to Sy = 0, and let S; = S;_1 + &, where the increments ¢, € {—1,+1}
are equally likely to be —1 or +1. Writing S; in terms of only the g,’s, we have
Sy =¢e1+ -+ + & Thus, if the increments are independent, we have Var(Sr) = T.
However if the increments are perfectly correlated (so €; = g9 = - -+ with probability
1), then Var(Sy) = T?. So, depending on the correlation between the increments,
the expected value E[|Sz|] can be either O(v/T) or O(T). Further, regardless of the

structured models such as dynamic Bayesian networks (Ghahramani, 1998; Pearl, 1988) and mixed
memory Markov models (Ney et al., 1994; Saul and Jordan, 1999), and it is straightforward to
extend our methods and algorithms to these models.
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true correlation in the data, using maximum likelihood (ML) to estimate the model
parameters from training data would return the same model with E[|Sp|] = O(V/T).

To see how these effects can lead to poor performance on a control task, consider
learning to control a vehicle (such as a car or a helicopter) under disturbances &;
due to very strong winds. The influence of the disturbances on the vehicle’s position
over one time step may be small, but if the disturbances ¢; are highly correlated,
their cumulative effect over time can be substantial. If our model completely ignores
these correlations, we may overestimate our ability to control the vehicle (thinking
our variance in position is O(T) rather than O(T?)), and try to follow overly nar-
row/dangerous paths.

Our motivation also has parallels in the debate on using discriminative vs. gen-
erative algorithms for supervised learning. There, the consensus (assuming there is
ample training data) seems to be that it is usually better to directly minimize the
loss with respect to the ultimate performance measure, rather than an intermediate
loss function such as the likelihood of the training data. (See, e.g., Vapnik, 1998; Ng
and Jordan, 2002.) This is because the model (no matter how complicated) is almost
always not completely “correct” for the problem data. By analogy, when modeling a
dynamical system for a control task, we are interested in having a model that accu-
rately predicts the performance of different control policies—so that it can be used to
select a good policy—and not in maximizing the likelihood of the observed sequence
data.

In related work, robust control offers an alternative family of methods for ac-
counting for model inaccuracies, specifically by finding controllers that work well for
a large class of models. Examples from the literature include Satia and Lave (1973);
White and Eldeib (1994); Gahinet et al. (1995). Also, in applied control, some prac-
titioners manually adjust their model’s parameters (particularly the model’s noise
variance parameters) to obtain a model which captures the variability of the system’s
dynamics. Our work can be viewed as proposing an algorithm that gives a more
structured approach to estimating the “right” variance parameters. The issue of time

scales has also been addressed in hierarchical reinforcement learning (e.g., Dietterich,



CHAPTER 4. LEARNING FIRST-ORDER MARKOV MODELS 72

2000; Sutton, 1995; Precup et al., 1998), but most of this work has focused on speed-
ing up exploration and planning rather than on accurately modeling non-Markovian
dynamics.

The rest of this chapter is organized as follows. We define our notation in Sec-
tion 4.2, then formulate the model learning problem ignoring actions in Section 4.3,
and propose a learning algorithm in Section 4.4. In Section 4.5, we extend our algo-
rithm to incorporate actions. Section 4.6 presents experimental results. Section 4.7
concludes the chapter with a discussion.

In the next chapter, we consider the application of this chapter’s ideas to modeling
vehicular dynamics, with an emphasis on helicopter modeling.

The work described in this chapter has first appeared in Abbeel and Ng (2005b).

4.2 Preliminaries

If z € R", then x; denotes the i-th element of x. Also, let j: k =[j j+1j+
2 ...k —1k]T. For any k-dimensional vector of indices I € N* we denote by z;
the k-dimensional vector with the subset of z’s entries whose indices are in I. For
example, if z = [0.0 0.1 0.2 0.3 0.4 0.5)7, then g, = [0.0 0.1 0.2]7.

A finite-state decision process (DP) is a tuple (S, A, T',~, D, R), where S is a finite
set of states; A is a finite set of actions; T' = {P(Si11 = §'|Sox = Sox, Ao = Go:t)}
is a set of state transition probabilities (here, P(S;11 = §'|So.t = Sou, Aot = @) is
the probability of being in a state s’ € S at time t 4+ 1 after having taken actions
ap: € A in states sp.; € ST at times 0 : ¢); v € [0, 1) is a discount factor; D is the
initial state distribution, from which the initial state sq is drawn; and R : S — R is
the reward function. We assume all rewards are bounded in absolute value by Ry ax.
A DP is not necessarily Markov.

A policy 7 is a mapping from states to probability distributions over actions. Let
V™ (s) = E[D ;g Y R(s¢)|m, so = s] be the usual value function for 7. Then the utility

of 7w is

U(m) = Espun[V7(s0)] = ERCZ0 v Rise) ] = 22207 22, P(Se = si|m) R(sy).
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The second expectation above is with respect to the random state sequence s, s, . ..
drawn by starting from sy ~ D, picking actions according to m and transitioning
according to P.

Throughout this paper, P; will denote some estimate of the transition probabil-
ities. We denote by U () the utility of the policy 7 in an MDP whose first-order
transition probabilities are given by F; (and similarly V™ the value function in the

same MDP). Thus, we have?

A~ A

U(m) = Eqen[V7(s0)] = B[V Rlso) ] = 327207 3, Fa(Se = silm) R(s.)-

Note that if |U(w) — U(?T)\ < ¢ for all m, then finding the optimal policy in the
estimated MDP that uses parameters P; (using value iteration or any other algorithm)
will give a policy whose utility is within 2¢ of the optimal utility. (Kearns et al., 1999)

For stochastic processes without decisions/actions, we will use the same notation

but drop the conditioning on 7. Often we will also abbreviate P(S; = s;) by P(s;).

4.3 Problem Formulation

To simplify our exposition, we will begin by considering stochastic processes that do
not have decisions/actions. Section 4.5 will discuss how actions can be incorporated
into the model.

We first consider how well V(sq) approximates V (sq). We have

V(o) = V(so)l = D 4" > Filsilso)R(s)) =Y 'Y Plselso) R(se)

St St

< Ruw 37" Y Py(stls0) — Plsilso)] (4.1)

St

So, to ensure that V(s) is an accurate estimate of V(sg), we would like the parameters

2Since P; is a first-order model, it explicitly parameterizes only Py(Si41 = si41|S¢ = s¢, Ar = ay).
We use P;(S; = s¢|m) to denote the probability that S; = s; in an MDP with one-step transition
probabilities P;(S¢+1 = s441]S¢ = s¢, Ay = a;) and initial state distribution D when acting according
to the policy .
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0 of the model to minimize the right hand side of (4.1). The term

> s, | Py(stls0) — P(s¢]s0)] is exactly (twice) the variational distance between the two
conditional distributions FP(-|sg) and P(-|sp). Unfortunately P is not known when
learning from data. We only get to observe state sequences sampled according to P.
This makes Eqn. (4.1) a difficult criterion to optimize. However, it is well known
that the variational distance is upper bounded by a function of the KL-divergence.
(See, e.g., Cover and Thomas, 1991.) The KL-divergence between P and P can be
estimated (up to a constant) as the log-likelihood of a sample. So, given a training

sequence s, sampled from P, we propose to estimate the transition probabilities P
by

S
-
N

-1 T—t

0 = arg maxy ¥ log Py(si4k|t)- (4.2)
¢ 1

Note the difference between this and the standard maximum likelihood (ML) esti-

Il
o
T

mate. Since we are using a model that is parameterized as a first-order Markov
model, the probability of the data under the model is given by Py(sq,...,sr) =
Py(sr|sr—1)Pa(sr_1]$7—2) - .. Pa(s1]50)D(s0) (where D is the initial state distribution).
By definition, maximum likelihood (ML) chooses the parameters 6 that maximize the
probability of the observed data. Taking logs of the probability above, (and ignoring
D(so), which is usually parameterized separately), we find that the ML estimate is

given by
T-1

0 = arg maxg Z log Py(si41]st)- (4.3)

t=0
All the terms above are of the form Py(s;y1]s¢). Thus, the ML estimator explicitly
considers, and tries to model well, only the observed one-step transitions. In Fig-
ure 4.1 we use Bayesian network notation to illustrate the difference between the two
objectives for a training sequence of length four. Figure 4.1(a) shows the training
sequence, which can have arbitrary dependencies. Maximum likelihood (ML) estima-
tion maximizes fyr(0) = log Pa(s1]s0) + log Py(sa|s1) + log Py(ss|ss). Figure 4.1(b)
illustrates the interactions modeled by ML. Ignoring v for now, for this example our
objective (Eqn. 4.2) is fu1(0) 4 log Py(s2]so) + log Py(s3|s1) + log Py(s3|so). Thus, it

takes into account both the interactions in Figure 4.1(b) as well as the longer-range
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ones in Figure 4.1(c).

(a)
Figure 4.1: (a) A length four training sequence. (b) ML estimation for a first-order Markov model
optimizes the likelihood of the second node given the first node in each of the length two subse-
quences. (c) Our objective (Eqn. 4.2) also includes the likelihood of the last node given the first

node in each of these three longer subsequences of the data. (White nodes represent unobserved
variables, shaded nodes represent observed variables.)

4.4 Algorithm

We now present an EM algorithm for optimizing the objective in Eqn. (4.2) for a
first-order Markov model.> Our algorithm is derived using the method of Neal and
Hinton (1999). (See Appendix C for details.) The algorithm iterates between the

following two steps:
e F-step: Compute expected counts

— Vi, j €S, set stats(j,i) =0
-Vt 0<t<T—-1Vk:1<kZ<T—-tVl:0<I<k-1Vi,7€S8
stats(j, 1) + = ’YkPé(StHH = 7, Sip1 = 1Sy = 84, Sevk = Stik)
e M-step: Re-estimate model parameters

Update 6 such that Vi, j € S, Py(jli) = stats(j, i)/ Y res stats(k, )

3Using higher order Markov models or more structured models—such as dynamic Bayesian net-
works (Ghahramani, 1998; Pearl, 1988) or mixed memory Markov models (Ney et al., 1994; Saul
and Jordan, 1999)—presents no special difficulties. However, the notation becomes more involved
and the inference (in the E-step) might become more expensive.
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Prior to starting EM, the transition probabilities P; can be initialized with the
first-order transition counts (i.e., the ML estimate of the parameters), possibly with
smoothing.

Let us now consider more carefully the computation done in the E-step for one spe-
cific pair of values for ¢t and k (corresponding to one term log Pp(s;1x|s;) in Eqn. 4.2).
For k > 2, as in the forward-backward algorithm for HMMs (see, e.g., Rabiner, 1989;
Pearl, 1988), the pairwise marginals can be computed by a forward propagation (com-
puting the forward messages), a backward propagation (computing the backward
messages), and then combining the forward and backward messages.” Forward and

backward messages are computed recursively:

for I=1tok—1, VieS m_p(i) =7 comtr-1(0)Fj), (4.4)
for Il=k—1downtol, Vi€S my(i) =7 ;cgmirr1—(3) 50, (4.5)

where we initialize m_(i) = 1{i = s}, and myx. (i) = 1{i = s44x}. The pairwise

marginals can be computed by combining the forward and backward messages:
Py(Ss141 = J, Ser = 1|y = 81, Seqr = Sek) = Moyt (1) Py (jli) M1 (). (4.6)

For the term log Py(ssyx|s:), we end up performing 2(k— 1) message computations,
and combining messages into pairwise marginals £ — 1 times. Doing this for all terms
in the objective results in O(T?®) message computations and O(T?) computations
of pairwise marginals from these messages. In practice, the objective (4.2) can be
approximated by considering only the terms in the summation with k£ < H, where

H is some time horizon.® In this case, the computational complexity is reduced to
O(TH?).

*A parameter P;(ji) initialized to zero will remain zero throughout successive iterations of EM.
If this is undesirable, then smoothing could be used to eliminate zero initial values.

®Note that the special case £ = 1 (and thus [ = 0) does not require inference. In this case we
simply have P;(Si41 = j, St = iS¢ = 54, St41 = s041) = i = s¢}1{j = 5441}

6Because of the discount term 7* in the objective (4.2), one can safely truncate the summation
over k after about O(1/(1 — )) terms without incurring too much error.
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4.4.1 Computational Savings

The following observation leads to substantial savings in the number of message com-
putations. The forward messages computed for the term log Py(s;1x|s¢) depend only
on the value of s;. So the forward messages computed for the terms {log Pp(s;1x|s¢) }i_,
are the same as the forward messages computed just for the term log Py(siip|s:). A
similar observation holds for the backward messages. As a result, we need to compute
only O(T H) messages (as opposed to O(T'H?) in the naive algorithm).

The following observation leads to further, (even more substantial) savings. Con-
sider two terms in the objective log Py(s;, 1|t ) and log Pa(ss,4k|Se,). If s;, = s, and
Sty+k = St,+k, then both terms will have exactly the same pairwise marginals and
contribution to the expected counts. So expected counts have to be computed only
once for every triple i, 7, k for which (S; = i, S;1x = j) occurs in the training data. As
a consequence, the running time for each iteration (once we have made an initial pass
over the data to count the number of occurrences of the triples) is only O(|S|*H?),

which is independent of the size of the training data.

4.5 Incorporating actions

In decision processes, actions influence the state transition probabilities. To generate
training data, suppose we choose an exploration policy and take actions in the DP
using this policy. Given the resulting training data, and generalizing Eqn. (4.2) to

incorporate actions, our estimator now becomes

T—1T—t
0 = argmaxg Z 7k log Py (Stvxl8t, Attrn—1)- (4.7)
t=0 k=1
The EM algorithm is straightforwardly extended to this setting, by conditioning
on the actions during the E-step, and updating state-action transition probabilities
Py(jli,a) in the M-step.
As before, forward messages need to be computed only once for each value of ¢,

and backward messages only once for each value of t+ k. However achieving the more
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substantial savings, as described in the second paragraph of Section 4.4.1, is now
more difficult. In particular, now the contribution of a triple 4, j, k (one for which
(S¢ =1, Sy = J) occurs in the training data) depends on the action sequence a4 5—1.
The number of possible sequences of actions a;;y,_1 grows exponentially with k.

If, however, we use a deterministic exploration policy to generate the training
data (more specifically, one in which the action taken is a deterministic function of
the current state), then we can again obtain these computational advantages: Counts
of the number of occurrences of the triples described previously are now again a
sufficient statistic. However, a single deterministic exploration policy, by definition,
cannot explore all state-action pairs. Thus, we will instead use a combination of
several deterministic exploration policies, which jointly can explore all state-action
pairs. In this case, the running time for the E-step becomes O(|S|*H?|1]), where |II|
is the number of different deterministic exploration policies used. (See Section 6.2 for

an example.)

4.6 Experiments

In this section, we empirically study the performance of model fitting using our pro-

posed algorithm, and compare it to the performance of ordinary ML estimation.

4.6.1 Shortest vs. safest path

Consider an agent acting for 100 time steps in the grid-world in Figure 4.2(a). The
initial state is marked by S, and the absorbing goal state by G. The reward is -
500 for the gray squares, and -1 elsewhere. This DP has four actions that (try to)
move in each of the four compass directions, and succeed with probability 1 —p. If an
action is not successful, then the agent’s position transitions to one of the neighboring
squares. Similar to our example in Section 1, the random transitions (resulting from
unsuccessful actions) may be correlated over time. In this problem, if there is no noise
(p = 0), the optimal policy is to follow one of the shortest paths to the goal that do

not pass through gray squares, such as path A. For higher noise levels, the optimal
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policy is to stay as far away as possible from the gray squares, and try to follow a
longer path such as B to the goal.” At intermediate noise levels, the optimal policy is
strongly dependent on how correlated the noise is between successive time steps. The
larger the correlation, the more dangerous path A becomes (for reasons similar to the
random walk example in Section 1). In our experiments, we compare the behavior of
our algorithm and ML estimation with different levels of noise correlation.®

Figure 4.2(b) shows the utilities obtained by the two different models, under dif-
ferent degrees of correlation in the noise. The two algorithms perform comparably
when the correlation is weak, but our method outperforms ML when there is strong
correlation. Empirically, when the noise correlation is high, our algorithm seems to
be fitting a first-order model with a larger “effective” noise level. When the result-
ing estimated MDP is solved, this gives more cautious policies, such as ones more
inclined to choose path B over A. In contrast, the ML estimate performs poorly in
this problem because it tends to underestimate how far sideways the agent tends to

move due to the noise (cf. the example in Section 4.1).

4.6.2 Queue

We consider a service queue in which the average arrival rate is p. Thus, p =
P(a customer arrives in one time step). Also, for each action 4, let ¢; denote the ser-
vice rate under that action (thus, ¢; = P(a customer is served in one time step|action =
i)). In our problem, there are three service rates gy < ¢; < g2 with respective rewards
0,—1,—10. The maximum queue size is 20, and the reward for any state of the queue

is 0, except when the queue becomes full, which results in a reward of -1000. The

"For very high noise levels (e.g. p = 0.99) the optimal policy is qualitatively different again.

8Experimental details: The noise is governed by an (unobserved) Markov chain with four states
corresponding to the four compass directions. If an action at time t is not successful, the agent
moves in the direction corresponding to the state of this Markov chain. On each step, the Markov
chain stays in the current state with probability ¢, and transitions with probability 1 — ¢ uniformly
to any of the four states. Our experiments are carried out varying ¢ from 0 (low noise correlation) to
0.9 (strong noise correlation). A 200,000 length state-action sequence for the grid-world, generated
using a random exploration policy, was used for model fitting, and a constant noise level p = 0.3 was
used in the experiments. Given a learned MDP model, value iteration was used to find the optimal
policy for it. To reduce computation, we only included the terms of the objective (Eqn. 4.7) for
which k£ = 10.
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Figure 4.2: (a) Grid-world. (b) Grid-world experimental results, showing the utilities of policies
obtained from the MDP estimated using ML (dash-dot line), and utilities of policies obtained from
the MDP estimated using our objective (solid line). Results shown are means over 5 independent
trials, and the error bars show one standard error for the mean. The horizontal axis (correlation
level for noise) corresponds to the parameter ¢ in the experiment description. (¢) Queue experiment,
showing utilities obtained using ML (dash-dot line), and using our algorithm (solid line). Results
shown are means over 5 independent trials, and the error bars show one standard error for the
mean. The horizontal axis (correlation level between arrivals) corresponds to the parameter b in the
experiment description. (Best viewed in color.)

service rates are ¢op = 0, g1 = p and ¢ = 0.75. So the inexpensive service rate ¢
is sufficient to keep up with arrivals on average. However, even though the average
arrival rate is p, the arrivals come in “bursts,” and even the high service rate ¢ is

insufficient to keep the queue small during the bursts of many consecutive arrivals.”

9Experimental details: The true process has two different (hidden) modes for arrivals. The first
mode has a very low arrival rate, and the second mode has a very high arrival rate. We denote
the steady state distribution over the two modes by (¢1,¢2). (I.e., the system spends a fraction
¢1 of the time in the low arrival rate mode, and a fraction ¢ = 1 — ¢; of the time in high arrival
rate mode.) Given the steady state distribution, the state transition matrix [ 1 —a;1 —b b has
only one remaining degree of freedom, which (essentially) controls how often the system switches
between the two modes. (Here, a [resp. b] is the probability, if we are in the slow [resp. fast] mode,
of staying in the same mode the next time step.) More specifically, assuming ¢ > ¢3, we have
be[0,1],a =1—(1—-b)pa/¢1. The larger b is, the more slowly the system switches between modes.
Our experiments used ¢; = 0.8, ¢ = 0.2, P(arrival|jmode 1) = 0.01, P(arrivaljmode 2) = 0.99. This
means b = 0.2 gives independent arrival modes for consecutive time steps. In our experiments,
go = 0, and g1 was equal to the average arrival rate p = ¢ P(arrivaljmode 1)+ ¢2 P(arrivaljmode 2).
Note that the highest service rate ga(= 0.75) is lower than the fast mode’s arrival rate. Training
data was generated using 8000 simulations of 25 time steps each, in which the queue length is
initialized randomly, and the same (randomly chosen) action is taken on all 25 time steps. To
reduce computational requirements, we only included the terms of the objective (Eqn. 4.7) for which
k = 20. We used a discount factor v = .95 and approximated utilities by truncating at a finite
horizon of 100. Note that although we explain the queuing process by arrival/departure rates, the
algorithm learns full transition matrices for each action, and not only the arrival/departure rates.
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Experimental results on the queue are shown in Figure 4.2(c). We plot the util-
ities obtained using each of the two algorithms for high arrival correlations. (Both
algorithms perform essentially identically at lower correlation levels.) We see that
the policies obtained with our algorithm consistently outperform those obtained us-
ing maximum likelihood to fit the model parameters. As expected, the difference is
more pronounced for higher correlation levels, i.e., when the true model is less well
approximated by a first-order model.

For learning the model parameters, we used three deterministic exploration poli-
cies, each corresponding to always taking one of the three actions. Thus, we could
use the more efficient version of the algorithm described in the second paragraph of
Section 4.4.1 and at the end of Section 4.5. A single EM iteration for the experiments
on the queue took 6 minutes for the original version of the algorithm, but took only 3

seconds for the more efficient version; this represents more than a 100-fold speedup.

4.7 Discussion

We proposed a method for learning a first-order Markov model that captures the
system’s dynamics on longer time scales than a single time step. In our experiments,
this method outperformed the standard maximum likelihood model. As the policy for
data collection can affect the first order model learned, it could be interesting to char-
acterize this dependency, and explore the possible benefits of an iterative procedure,

during which the current policy is in turn used for additional data collection.



Chapter 5
Learning Helicopter Models

In this chapter we describe the parameterization of our helicopter models and present
experimental results on helicopter modeling. We also present an efficient algorithm for
(approximately) optimizing the lagged criterion presented in Chapter 4 for continuous
state-action space models and apply it to helicopter modeling.

In Chapters 7 and 8 we extend the global non-linear models presented in this
chapter to locally weighted non-linear models to further improve modeling accuracy

in the vicinity of trajectories from which we have flight data.

5.1 Introduction

Helicopter aerodynamics are, to date, somewhat poorly understood, and (unlike most
fixed-wing aircraft) no textbook models will accurately predict the dynamics of a he-
licopter from only its dimensions and specifications (Leishman, 2000; Seddon, 1990).
Thus, at least part of the dynamics must be learned from data.

CIFER®) (Comprehensive Identification from Frequency Responses) is the indus-
try standard for learning linear models for helicopter (and other rotorcraft) from
data (Tischler and Cauffman, 1992; Mettler et al., 1999). CIFER uses frequency re-
sponse methods to identify a linear model. As CIFER only handles linear models, the
models obtained from CIFER fail to capture some important aspects of the helicopter

dynamics, such as the effects of inertia. Consider a setting in which the helicopter

82
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is flying forward, and suddenly turns sideways. Due to inertia, the helicopter will
continue to travel in the same direction as before, so that it has “sideslip,” meaning
that its orientation is not aligned with its direction of motion. This is a non-linear
effect that depends both on velocity and angular rates. The linear CIFER model is
unable to capture this.

In fact, the models used in Bagnell and Schneider (2001); Ng et al. (2004b); Met-
tler et al. (1999) all suffer from this same problem. The core of the problem is that
the naive body-coordinate representation used in these settings makes it fundamen-
tally difficult for the learning algorithm to capture certain properties of dynamical
systems such as inertia and gravity. As such, one places a significantly heavier burden
than is necessary on the learning algorithm.

Similar to La Civita et al. (2006) and Gavrilets et al. (2002b), we describe
a parameterization for modeling dynamical systems that does not suffer from this
deficiency by directly modeling the accelerations of the helicopter as a non-linear
function of its current state and inputs.

Our approach is a hybrid of physical knowledge and learning: Although helicopter
dynamics are not fully understood, there are also many properties—such as the di-
rection and magnitude of acceleration due to gravity; the effects of inertia; symmetry
properties of the dynamical system; and so on—which apply to all dynamical sys-
tems, and which are well-understood. All of this can therefore be encoded as prior
knowledge, and there is little need to demand that our learning algorithms learn them.

While the global non-linear parameterization described in this chapter might seem
somewhat restrictive at first, it forms the basis for the helicopter models we used to
obtain our aerobatic flight results. In Chapters 7 and 8 we describe how the global
non-linear models presented in this chapter can be extended to locally weighted non-
linear models to further improve modeling accuracy in the vicinity of trajectories from
which we have flight data.

Given any model class, we can choose the parameter learning criterion used to
learn a model within the class. CIFER finds the parameters that minimize a fre-
quency domain error criterion. Alternatively, we can minimize the squared one-step

prediction error in the time domain. Forward simulation on a held-out test set is a
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standard way to assess model quality, and we use it to compare the linear models
learned using CIFER to the same linear models learned by optimizing the one-step
prediction error. Following up on our work described in Chapter 4 one can also learn
parameters so as to optimize a “lagged criterion” that directly measures simulation
accuracy—i.e., predictive accuracy of the model over long time scales. However, the
EM algorithm described in Chapter 4 can be computationally expensive when applied
in a continuous state-space setting. We present an efficient algorithm that approxi-
mately optimizes the lagged criterion. Our experiments show that the resulting model
consistently outperforms the linear models trained using CIFER or using the one-step
error criterion. Combining this with the acceleration based parameterization results
in our best helicopter model.

The work described in this chapter has first appeared in Abbeel, Ganapathi and
Ng (2006).

5.2 Helicopter state, input and dynamics

The helicopter state s comprises its position (z,y, z), orientation (roll ¢, pitch 0, yaw
w), velocity (Z,y, 2) and angular velocity (6,0, w). The helicopter is controlled via a

4-dimensional action space:

1. u; and us: The longitudinal (front-back) and latitudinal (left-right) cyclic pitch
controls cause the helicopter to pitch forward /backward or sideways, and can

thereby also affect acceleration in the longitudinal and latitudinal directions.

2. u3: The tail rotor collective pitch control affects tail rotor thrust, and can be

used to yaw (turn) the helicopter.

3. uy: The main rotor collective pitch control affects the pitch angle of the main
rotor’s blades, by rotating the blades around an axis that runs along the length
of the blade. As the main rotor blades sweep through the air, the resulting
amount of upward thrust (generally) increases with this pitch angle; thus this

control affects the main rotor’s thrust.
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Following standard practice in helicopter system identification (Ng et al., 2004b;
Mettler et al., 1999), the original 12-dimensional helicopter state is reduced to an
8-dimensional state represented in body (or robot-centric) coordinates s° = (¢, 6,
T, v, 2, é, H,cu) Where there is risk of confusion, we will use superscript s and b
to distinguish between spatial (world) coordinates and body coordinates. The body
coordinate representation specifies the helicopter state using a coordinate frame in
which the z, y, and 2z axes are forwards, sideways, and down relative to the current
orientation of the helicopter, instead of north, east and down. Thus, #° is the forward
velocity, whereas 4® is the velocity in the northern direction. (¢ and 6 are always
expressed in world coordinates, because roll and pitch relative to the body coordinate
frame is always zero.) By using a body coordinate representation, we encode into our
model certain “symmetries” of helicopter flight, such as that the helicopter’s dynamics
are the same regardless of its absolute position (x,y, z) and heading w (assuming the
absence of obstacles). Even in the reduced coordinate representation, only a subset of
the state variables needs to be modeled explicitly using learning. Given a model that
predicts only the angular velocities (gb, 9, w), we can numerically integrate to obtain
the orientation (¢, 0, w).

We can integrate the reduced body coordinate states to obtain the complete world
coordinate states. Integrating body-coordinate angular velocities to obtain world-
coordinate angles is nonlinear, thus the model resulting from this process is necessarily

nonlinear.

5.3 Linear model

The linear model we learn with CIFER has the following form:

¢§+1 - ¢2 = (Cda#’ + Cl(ul)t + Dl) At, jj?—&-l - xf = (walt) - get) At,
00y — 00 = (Cobl + Calua)e + D) Aty iy = 3} = (Cyit + 960 + Do) At,
Wy — @b = (Cowl + C3(us)e + Ds) At, 2,y — 20 = (C.20 + g+ Cu(ua) + Dy) AL,

bri1 — Pr = QAL 041 — 0, = OV AL,
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Here g = 9.81m/s? is the acceleration due to gravity and At is the time discretiza-
tion, which is 0.1 seconds in our experiments. The free parameters in the model are
Cy, Cy, C, Cy, Cy, C,,, which model damping, and Dy, C, D1, Cy, Dy, Cs, D3, Cy, Dy,
which model the influence of the inputs on the states.! This parameterization was cho-
sen using the “coherence” feature selection algorithm of CIFER. CIFER takes as input
the state-action sequence { (&%, 92, 2%, gbf , 0? , WP ¢, 0;,up) b and learns the free param-
eters using a frequency domain cost function. See Tischler and Cauffman (1992) for
details.

Frequency response methods (as used in CIFER) are not the only way to estimate
the free parameters. Instead, we can minimize the average squared prediction error
of next state given current state and action. Doing so only requires linear regression.
In our experiments (see Section 5.6) we compare the simulation accuracy over several
time-steps of the differently learned linear models. We also compare to learning
by directly optimizing the simulation accuracy over several time-steps. The latter

approach is presented in Section 5.5.

5.4 Acceleration prediction model

Due to inertia, if a forward-flying helicopter turns, it will have sideslip (i.e., the
helicopter will not be aligned with its direction of motion). The linear model is unable
to capture the sideslip effect, since this effect depends non-linearly on velocity and
angular rates. In fact, the models used in Bagnell and Schneider (2001); Ng et al.
(2004b); Mettler et al. (1999) all suffer from this problem. More generally, these
models do not capture conservation of momentum well. Although careful engineering
of (many) additional non-linear features might fix individual effects such as, e.g.,
sideslip, it is unclear how to capture inertia compactly in the naive body-coordinate
representation.

From physics, we have the following update equation for velocity when expressed

1Dy captures the sideways acceleration caused by the tail rotor’s thrust.
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in body-coordinates:
(i3 = B ((8,0,00)) # (G5, 20 + (37 £)100) (5.1)

Here, R <(¢, 0, w)f) is the rotation matrix that transforms from the body-coordinate
frame at time ¢ to the body-coordinate frame at time ¢ 4+ 1 (and is determined by
the angular velocity (¢, 6,w)? at time ¢); and (i, 4, 2)? denotes the acceleration vec-
tor in body-coordinates at time t. Forces and torques (and thus accelerations) are
often a fairly simple function of inputs and state. This suggests that a model which
learns to predict the accelerations, and then uses Eqn. (5.1) to obtain velocity over
time, may perform well. Such a model would naturally capture inertia, by using the
velocity update of Eqn. (5.1). In contrast, the models of Section 5.3 try to predict
changes in body-coordinate velocity. But the change in body-coordinate velocity does
not correspond directly to physical accelerations, because the body-coordinate velocity
at times t and t + 1 are expressed in different coordinate frames. Thus, 2%, , — i? is
not the forward acceleration—because &, and &} are expressed in different coordi-
nate frames. To capture inertia, these models therefore need to predict not only the
physical accelerations, but also the non-linear influence of the angular rates through
the rotation matrix. This makes for a difficult learning problem, and puts an un-
necessary burden on the learning algorithm. Our discussion above has focused on
linear velocity. The body-coordinate angular velocity vector is an eigenvector of the
rotation matrix R (((b, Q,w)f), and hence when we use Eqn. (5.1) and can leave out
the rotation matrix.

The previous discussion suggests that we learn to predict physical accelerations
and then integrate the accelerations to obtain the state trajectories. To do this, we

propose:

& = Cygy + Cr(wr), + Dy, &0 = Cod? + (g.)",
02 = Cyby + Co(ug); + Dy, 0 = Cyil + (g,)° + Do,
OF = Coios + Cs(uz); + D3, 30 = C.20 + (g.)2 + Cu(ua)s + Dy.
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Here (g.)?, (gy)?, (g.)! are the components of the gravity acceleration vector in each of
the body-coordinate axes at time t; and C', D. are the free parameters to be learned
from data. The model predicts accelerations in the body-coordinate frame, and is
therefore able to take advantage of the same invariants as discussed earlier, such
as invariance of the dynamics to the helicopter’s (z, vy, z) position and heading (w).
Further, it additionally captures the fact that the dynamics are invariant to roll (¢)
and pitch () once the (known) effects of gravity are subtracted out.

Frequency domain techniques cannot be used to learn the acceleration model
above, because it is non-linear. Nevertheless, the parameters can be learned as easily
as for the linear model in the time domain: Linear regression can be used to find the

parameters that minimize the squared error of the one-step prediction in acceleration.?

5.5 The lagged error criterion

To evaluate the performance of a dynamical model, it is standard practice to run a
simulation using the model for a certain duration, and then compare the simulated
trajectory with the real state trajectory. To do well on this evaluation criterion, it
is therefore important for the dynamical model to give not only accurate one-step
predictions, but also predictions that are accurate at longer time-scales. Motivated
by this, in Chapter 4 we suggested learning the model parameters by optimizing the

following “lagged criterion”:

T—-H

H
> N8enie = sesnll (5.2)

t=1 h=1

Here, H is the time horizon of the simulation, and 8.5, is the estimate (from simu-
lation) of the state at time ¢ + h given the state at time ¢. (See also Abbeel and Ng,
2005.)

The EM-algorithm presented in Chapter 4 can be expensive in our continuous

2Note that, as discussed previously, the one-step difference of body coordinate velocities is not
the acceleration. To obtain actual accelerations, the velocity at time ¢ + 1 must be rotated into the
body-frame at ¢ before taking the difference.
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state-action space setting. We therefore present a simple and fast algorithm for
(approximately) minimizing the lagged error criterion. We begin by considering a

linear model with update equation:
St+1 — St = ASt -+ But, (53)

where A, B are the parameters of the model. Minimizing the one-step prediction
error would correspond to finding the parameters that minimize the expected squared
difference between the left and right sides of Eqn. (5.3).

By summing the update equations for two consecutive time steps, we get that, for

simulation to be exact over two time steps, the following needs to hold:
St+2 — St = ASt + But + A§t+1\t + But+1. (54)

Minimizing the expected squared difference between the left and right sides of Eqn. (5.4)
would correspond to minimizing the two-step prediction error. More generally, by
summing up the update equations for h consecutive timesteps and then minimizing
the left and right sides’ expected squared difference, we can minimize the h-step pre-
diction error. Thus, it may seem that we can directly solve for the parameters that
minimize the lagged criterion of Eqn. (5.2) by running least squares on the appropriate
set of linear combinations of state update equations.

The difficulty with this procedure is that the intermediate states in the simulation—
for example, 5,41 in Eqn. (5.4)—are also an implicit function of the parameters A
and B. This is because 3,41 represents the result of a one-step simulation from s,
using our model. Taking into account the dependence of the intermediate states on
the parameters makes the right side of Eqn. (5.4) non-linear in the parameters, and
thus the optimization is non-convex. If, however, we make an approximation and
neglect this dependence, then optimizing the objective can be done simply by solving
a linear least squares problem.

This gives us the following algorithm. We will alternate between a simulation step
that finds the necessary predicted intermediate states, and a least squares step that

solves for the new parameters.
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LEARN-LAGGED-LINEAR:

1. Use least squares to minimize the one-step squared prediction error criterion to obtain an
initial model A BO) Set i = 1.

2. Forallt=1,...,T, h=1,..., H, simulate in the current model to compute 3; .

3. Solve the following least squares problem:

T—H H h—1
A B) = i —8) — As B 2.
(A, B) arg%%l ; }; [(st+n — st) (Z% St4rit + Buiisr)[2

4. Set AUHD) = (1 —a)A®) 4 oA, BU+) = (1 — a)B® 4 aB.?
5. If [JAGHD — A@)|| 4 || BO+H) — BO)|| < ¢ exit. Otherwise go back to step 2.

Our helicopter acceleration prediction model is not of the simple form s;,1 — s; =
Asy + Bu, described above. However, a similar derivation still applies: The change
in velocity over several time-steps corresponds to the sum of changes in velocity over
several single time-steps. Thus by adding the one-step acceleration prediction equa-
tions as given in Section 5.4, we might expect to obtain equations corresponding
to the acceleration over several time-steps. However, the acceleration equations at
different time-steps are in different coordinate frames. Thus we first need to rotate
the equations and then add them. In the algorithm described below, we rotate all
accelerations into the world coordinate frame. The acceleration equations from Sec-
tion 5.4 give us (#,4,2)? = ApesSt + Bpostit, and (gb,@,w)’t’ = AiotS¢ + Brotuy, where
Aposs Bposs Arot, Brot are (sparse) matrices that contain the parameters to be learned.*
This gives us the LEARN-LAGGED-ACCELERATION algorithm, which is identical to
LEARN-LAGGED-LINEAR except that step 3 now solves the following least squares
problems:

h—1

— H
_ _ _ . Dby r—s ([ s 2\b . ~ 2
(Apos> Bpos) arg IEIH ; }; || 7;) R ((l’, Y, Z)t+‘r (Ast+T|t + ButJrT)) ||2

T-H H h-1

s DID DD My (6.8 0)1er = (Asysmpy + Buesr)) I3

Here R”~% denotes the rotation matrix (estimated from simulation using the current

model) from the body frame at time ¢ to the world frame.

3This step of the algorithm uses a simple line search to choose the stepsize a.
4For simplicity of notation we omit the intercept parameters here, but they are easily incorpo-
rated, e.g., by having one additional input which is always equal to one.
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5.6 Experiments

We performed experiments on two RC helicopters: an XCell Tempest and a Bergen
Industrial Twin helicopter. (See Figure 5.1.) The XCell Tempest is a competition-
class aerobatic helicopter (length 547, height 19”), is powered by a 0.91-size, two-
stroke engine, and has an unloaded weight of 13 pounds. It carries two sensor units:
a Novatel RT2 GPS receiver and a Microstrain 3DM-GX1 orientation sensor. The
Microstrain package contains triaxial accelerometers, rate gyros, and magnetometers,
which are used for inertial sensing. The larger Bergen Industrial Twin helicopter is
powered by a twin cylinder 46¢c, two-stroke engine, and has an unloaded weight of
18 Ibs. It carries three sensor units: a Novatel RT2 GPS receiver, MicroStrain 3DM-G

magnetometers, and an Inertial Science ISIS-IMU (triaxial accelerometers and rate

gyros).

Figure 5.1: The XCell Tempest (a) and the Bergen Industrial Twin (b) used in our experiments.

For each helicopter, we collected data from two separate flights. The XCell Tem-
pest train and test flights were 800 and 540 seconds long, the Bergen Industrial Twin
train and test flights were each 110 seconds long. A highly optimized Kalman filter
integrates the sensor information and reports (at 100Hz) 12 numbers corresponding
to the helicopter’s state (z,vy, 2, 4,9, 2, ¢, 0, w, b, 6, w). The data is then downsampled
to 10Hz before learning. For each of the helicopters, we learned the following models:

1. Linear-One-Step: The linear model from Section 5.3 trained using linear regression to minimize

the one-step prediction error.
2. Linear-CIFER: The linear model from Section 5.3 trained using CIFER.
3. Linear-Lagged: The linear model from Section 5.3 trained minimizing the lagged criterion.

4. Acceleration-One-Step: The acceleration prediction model from Section 5.4 trained using linear

regression to minimize the one step prediction error.
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5. Acceleration-Lagged: The acceleration prediction model from Section 5.4 trained minimizing

the lagged criterion.

For Linear-Lagged and Acceleration-Lagged we used a horizon H of two seconds
(20 simulation steps). The CPU times for training the different algorithms were:
Less than one second for linear regression (algorithms 1 and 4 in the list above);
one hour 20 minutes (XCell Tempest data) or 10 minutes (Bergen Industrial Twin
data) for the lagged criteria (algorithms 3 and 5 above); about 5 minutes for CIFER.
Our algorithm optimizing the lagged criterion appears to converge after at most 30
iterations. Since this algorithm is only approximate, we can then use coordinate

5 This coordinate descent

descent search to further improve the lagged criterion.
search took an additional four hours for the XCell Tempest data and an additional
30 minutes for the Bergen Industrial Twin data. We report results both with and
without this coordinate descent search. Our results show that the algorithm presented
in Section 5.5 works well for fast approximate optimization of the lagged criterion,
but that locally greedy search (coordinate descent) may then improve it yet further.

For evaluation, the test data was split in consecutive non-overlapping two second
windows. (This corresponds to 20 simulation steps, so,...,S2.) The models are
used to predict the state sequence over the two second window, when started in the
true state so. We report the average squared prediction error (difference between the
simulated and true state) at each timestep ¢t = 1,...,20 throughout the two second
window. The orientation error is measured by the squared magnitude of the minimal
rotation needed to align the simulated orientation with the true orientation. Velocity,
position, angular rate and orientation errors are measured in m/s, m, rad/s and rad
(squared) respectively. (See Figure 5.2.)

We see that Linear-Lagged consistently outperforms Linear-CIFER and Linear-One-
Step. Similarly, for the acceleration prediction models, we have that Acceleration-
Lagged consistently outperforms Acceleration-One-Step. These experiments support
the case for training with the lagged criterion.

The best acceleration prediction model, Acceleration-Lagged, is significantly more

®We used coordinate descent on the criterion of Eqn. (5.2), but reweighted the errors on velocity,
angular velocity, position and orientation to scale them to roughly the same order of magnitude.
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accurate than any of the linear models presented in Section 3. This effect is mostly
present in the XCell Tempest data, which contained data collected from many differ-
ent parts of the state space (e.g., flying in a circle); in contrast, the Bergen Industrial

Twin data was collected mostly near hovering (and thus the linearization assumptions

were somewhat less poor there).
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Figure 5.2: Average squared prediction errors throughout two-second simulations. Blue, dotted:
Linear-One-Step. Green, dash-dotted: Linear-CIFER. Yellow, triangle: Linear-Lagged learned with
fast, approximate algorithm from Section 5.5. Red, dashed: Linear-Lagged learned with fast, ap-
proximate algorithm from Section 5.5 followed by greedy coordinate descent search. Magenta, solid:
Acceleration-One-Step. Cyan, circle: Acceleration-Lagged learned with fast, approximate algorithm
from Section 5.5. Black,*: Acceleration-Lagged learned with fast, approximate algorithm from Sec-
tion 5.5 followed by greedy coordinate descent search. The magenta, cyan and black lines (visually)
coincide in the XCell position plots. The blue, yellow, magenta and cyan lines (visually) coincide
in the Bergen angular rate and orientation plots. The red and black lines (visually) coincide in the
Bergen angular rate plot. (Best viewed in color. See text for details.)

5.7 Discussion

We presented an acceleration based parameterization for learning vehicular dynamics.
The model predicts accelerations, and then integrates to obtain state trajectories.
We also described an efficient algorithm for approximately minimizing the lagged

criterion, which measures the predictive accuracy of the algorithm over both short



CHAPTER 5. LEARNING HELICOPTER MODELS 94

and long time-scales. Our experiments illustrate the effectiveness of the acceleration-
based parameterization and the lagged learning criterion.

One of the motivations behind the frequency based approaches is the capability
of characterizing noise in the data—in particular, the frequency based approaches
assume noise is more present in certain frequencies than others. They accordingly
weight the fitting criterion to demand better fit for lower-noise frequencies. It could be
interesting to try to incorporate such (or other) noise models into the lagged learning

criterion.



Chapter 6

Using Inaccurate Models in

Reinforcement Learning

Thus far in this dissertation we have considered the problems of (i) finding a good
reward function for the task at hand, and (ii) finding a dynamics model that is
sufficiently accurate for the task at hand. We have described apprenticeship learning
algorithms, which leverage expert demonstrations to tackle both challenges. Once
we have learned the appropriate reward function and dynamics model, we can use
model-based reinforcement learning and optimal control algorithms to find a good
control policy.

While a more accurate dynamics model will typically only improve the controllers
found when using model-based reinforcement learning (RL) algorithms, a fully accu-
rate dynamics model is not always necessary to find good controllers. E.g., when a
human learns to drive a car, they can learn to drive the car reliably without neces-
sarily building up a very detailed dynamics model. Instead, we can learn to drive a
car based upon a crude model and a small number of real-life trials.

In this chapter, we present an algorithm that requires only an approximate model
(of a possibly complex system), and only a small number of real-life trials. The key
idea is that a real-life trial together with an approximate model can be sufficient to

obtain reasonable policy gradient estimates.

95
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6.1 Introduction

In model-based reinforcement learning (or optimal control), one first builds a model
(or simulator) for the real system, and finds the control policy that is optimal in the
model. Then this policy is deployed in the real system. Research in reinforcement
learning and optimal control has generated efficient algorithms to find (near-)optimal
policies for a large variety of models and reward functions. (See, e.g., Anderson and
Moore (1989); Bertsekas (2001); Bertsekas and Tsitsiklis (1996); Sutton and Barto
(1998).)

However, for many important control problems, particularly high-dimensional
continuous-state tasks, it is extremely difficult to build an accurate model of the
Markov decision process. When we learn a policy using an inaccurate model, we are
often left with a policy that works well in simulation (i.e., the policy works well in
the model), but not in real-life. In contrast to model-based policy search, there is the
other extreme of searching for controllers only on the real system, without ever explic-
itly building a model. Although successfully applied to a few applications (e.g., Kohl
and Stone, 2004), these model-free RL approaches tend to require huge, and often
infeasibly large, numbers of real-life trials.

The large number of real-life trials required by model-free RL is in sharp contrast
to, e.g., humans learning to perform a task. Consider, for example, a young adult
learning to drive a car through a 90-degree turn, more specifically, learning the amount
of steering required. On the first trial, she might take the turn wide. She will then
adjust and take the next turn much less wide (or maybe even take it short). Typically,
it will require only a few trials to learn to take the turn correctly.

The human driver clearly does not have a perfect model of the car. Neither does
she need a large number of real-life trials. Instead, we believe that she combines a
crude model of the car together with a small number of real-life trials to quickly learn
to perform well.

In this chapter, we formalize this idea and develop an algorithm that exploits
a crude model to quickly learn to perform well on real systems. Our theoretical

results show that—assuming the model derivatives are good approximations of the
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true derivatives, and assuming deterministic dynamics—our algorithm will return a
policy that is (locally) near-optimal.

The key idea is to use a real-life trial to evaluate a policy, but then use the
simulator (or model) to estimate the derivative of the evaluation with respect to the
policy parameters (and suggest local improvements). For example, if in a car our
current policy drives a maneuver too far to the left, then driving in real-life will be
what tells us that we are driving too far to the left. However, even a very poor model
of the car can then be used to tell us that the change we should make is to turn
the steering wheel clockwise (rather than anti-clockwise) to correct for this error. In
particular, we do not need additional real-life trials of turning the steering wheel both
clockwise and anti-clockwise in order to decide which direction to turn it. Therefore,
even a crude model of the car allows us to significantly reduce the number of real-life
trials needed compared to model-free algorithms that operate directly on the real
system.

Compared to standard model-based algorithms, our approach has the advantage
that it does not require a “correct” model of the Markov decision process. Despite
the progress in learning algorithms for building better dynamical models, it remains
an extremely difficult problem to model the detailed dynamics of many systems, such
as helicopters, cars and some aircraft. The approach we present requires only a very
crude model of the system.

Although an extension to stochastic systems might be possible, the algorithm
and guarantees we present in this chapter only apply to systems that are (close
to) deterministic. Despite this limitation, we believe our algorithm still has wide
applicability.!

Throughout the chapter, we assume a continuous state space and a continuous
action space.

Our theoretical results show that this algorithm achieves near-optimal perfor-
mance in the real system, even when the model is only approximate. Empirical

results also demonstrate that—when given only a crude model and a small number of

!Even though stochastic models are often used in reinforcement learning, the stochasticity of the
models is often artificial and is to a large part used to capture unmodeled dynamics, rather than
actual stochasticity.
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real-life trials—our algorithm can obtain near-optimal performance in the real system.

Key assumptions for our results in this chapter are: (i) The system is (close to)
deterministic, (ii) We have a bound on the error of the derivatives of the dynamics
model.

The remainder of this chapter is organized as follows: Section 6.2 covers prelim-
inaries. Section 6.3 describes our algorithm in full detail. Section 6.4 gives formal
performance guarantees for our algorithm. Section 6.5 demonstrates the effectiveness
of our algorithm when applied to flying a fixed-wing aircraft in a flight simulator and
when applied to driving a real RC car.

The work described in this chapter has previously appeared in Abbeel, Quigley
and Ng (2006).

6.2 Preliminaries

A non-stationary Markov decision process (MDP) can be described by a tuple (S, A,
T, H, so, R), where S = R" is a set of states; A = RP is a set of actions/inputs;
T = {Pi(:|s,a)}1sq is a set of time-dependent state transition probabilities (here,
P,(|s,a) is the state transition distribution upon taking action a in state s at time
t); the horizon H is the number of time steps; sq is the initial state at time 0; and
R : S — R is the reward function. We assume that R is bounded from above, i.e.,
for all states s € S we have R(s) < Ryax-

A policy 7 = (7@ 7M7) is a set of mappings from the set of states S
to the set of actions A for each time ¢t = 0,1,..., H. The utility of a policy 7 in an
MDP M is given by Uy(n) = E[S>1, R(s;)|m, M]. Here the expectation is over all
possible state trajectories sg, s1,...,sy in the MDP M. Throughout the chapter we
consider policies parameterized by a parameter 6. We let Wét)(s) denote the action
taken by the policy mp when in state s at time .

This chapter focuses on MDPs that are (close to) deterministic. We let {f; :
S x A — SHL, denote the set of state transition functions. Here, f;(s,a) gives the

expected state at time t+1 upon taking action a in state s at time ¢. For deterministic

systems, the system dynamics (7') are specified completely by the time-dependent
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state transition functions {f;}/,.

We use || - ||2 to denote the matrix 2-norm.?

6.3 Algorithm

Our algorithm takes as input an approximate MDP M = (S, A, T, H,sp,R) and a
local policy improvement algorithm A. The MDP’s dynamics model Tis a (possibly
inaccurate) model of the true dynamics T of the true MDP M = (S, A, T, H, so, R).
The local policy improvement algorithm A could be any method that iteratively
makes local improvements upon the current policy. Two examples are policy gradient
methods and differential dynamic programming.?

The algorithm proceeds as follows:

1. Set i = 0. Set the initial model estimate 7© = 7.

2. Find the (locally) optimal policy ) for the MDP M© = (S, A, T© H, o, R)

by running the local policy improvement algorithm A.

3. Execute the current policy myw in the real MDP M and record the resulting

state-action trajectory s[()i), a,(()i), sgi), agi), cy sg), ag).

4. Construct the new model 7D by adding a (time-dependent) bias term to the
original model 7. More specifically, set ft(iﬂ)(s, a) = fi(s,a) —i—sgl — ft(sgi), agi))
for all times t.

5. Use the local policy improvement algorithm A in the MDP MO+ — (S, A,
TED  H. sy, R) to find a local policy improvement direction d® such that

2In the case the matrix is a vector, the matrix 2-norm is equal to the Euclidean norm. In general,
the matrix 2-norm is equal to the maximum singular value of the matrix.

3Differential dynamic programming iteratively computes a time-varying linear model by lineariz-
ing the state transition functions around the current trajectory, and then uses the well-known exact
solution to the resulting LQR (linear quadratic regulator) control problem as the step direction
to locally improve the current policy (Jacobson & Mayne, 1970). In its full generality, differential
dynamic programming also approximates the reward function by a concave quadratic function. The
reward function approximation is irrelevant for this chapter: in our experiments the reward functions
themselves are already quadratic.
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A

U(Tot) 4aqg®) = U(WW)) for some step-size @ > 0. Here U is the utility as

evaluated in MG+D 4

6. Find the next (and improved) policy Tpeit1), where 801 = 9 + ad® by a line
search over o > 0. During the line search, evaluate the policies 7@ o4 in the
real MDP M.

7. If the line-search did not find an improved policy, then return the current policy

ey and exit. Otherwise, set ¢ =4+ 1 and go back to step 3.

The algorithm is initialized with the policy 7y, which is locally optimal for the
initial (approximate) model of the dynamics. In subsequent iterations, the perfor-
mance in the real system improves, and thus the resulting policy performs at least as
well as the model-based policy 7y, and possibly much better.

In each iteration ¢, we add a time-dependent bias to the model: the term sgil —
ft(sgi), agi)) in step 4 of the algorithm. For the resulting model TG+ we have that

ff””(sf), agi)) = 3%21 for all times ¢. Hence, the resulting model 70+Y exactly pre-

dicts the real-life state sequence s(()i), sgi) s 3%) obtained when executing the policy
Tp. Thus, when computing the policy gradient (or, more generally, a local policy
improvement direction) in step 5, our algorithm evaluates the derivatives along the
correct state-action trajectory. In contrast, the pure model-based approach evaluates
the derivatives along the state-action trajectory predicted by the original model T ,
which—in the case of an imperfect model-—would not correspond to the true state-
action trajectory.

In contrast to our algorithm, one might also try a model-free algorithm in which

real-life trajectories are used to estimate the policy gradient. However, doing so

requires at least n real-life trajectories if there are m parameters in the policy.® In

4When the local policy improvement algorithm is policy gradient, we have d(9) = VU (6™), the
policy gradient in the MDP M(+1 evaluated at the current policy myc).

SIf our policy my is parameterized by § € R™, we can estimate the derivative of the utility with
respect to 6; by evaluating the policy’s performance U (mg) using parameters 6 and again obtain its
utility U(7g4ee;) using 6 + € - e; (where e; is the i-th basis vector). Then, we estimate the derivative
as OU(mp)/00; = (U(Totee;) — U(mg)) /e. In practice, this approach of using finite differences to
numerically estimate derivatives not only suffers from the problem of requiring a large number of
real-life trajectories, but is also very sensitive to even small amounts of noise in the estimates of the
policy’s utility.
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contrast, our approach requires only a single real-life trajectory to obtain an estimate
of the gradient. So long as the estimated gradient is within 90° of the true gradient,
taking a small step in the direction of the estimated gradient will improve the policy.
Consequently, our approach requires significantly fewer real-life trials than model-free

algorithms to learn a good policy.

6.4 Theoretical results

Throughout this section we assume that the real system is deterministic, and we
assume that the local policy improvement algorithm is policy gradient. In Section 6.4.1
we give an informal argument as to why our algorithm can be expected to outperform
model-based algorithms that use the same model. Then in Section 6.4.2 we formalize

this intuition and provide formal performance and convergence guarantees.

6.4.1 Gradient Approximation Error

The dependence of the state s; on the policy my plays a crucial role in our results. To

express this dependence compactly, we define the function hy(sg, 0):

hi(s0,0) = fo(s0,7me(S0)),
ho(s0.0) = for (her(s0,0)). (6.1)

Thus h¢(sg, ) is equal to the state at time ¢ when using policy 7y and starting in
state sg at time 0. For an approximate model T we similarly define h, in terms of the
approximate transition functions f, (instead of the true transition functions f,).

Let so,s1,...,sg be the (real-life) state sequence obtained when executing the

current policy mg. Then the true policy gradient is given by:

H

dhy
\Y% = —_ .
oU(0) = VaR(st) - (6.2)
t=0 80,81 5--+,St—1
The derivatives appearing in % can be computed by applying the chain rule to the
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definition of h; (Eqn. 6.1).5 Expanding the chain rule results in a sum and product
of derivatives of the transition functions {f;}; and derivatives of the policy 7y, which
are evaluated at the states of the current trajectory s, sq,.. ..

Let sg, 81, ...,5y be the state sequence according to the model T when executing

the policy my. Then, according to the model T, the policy gradient is given by:

" .
dh

> V.R(s) =+ : (6.3)
do

=0 805815058t —1

Two sources of error make the policy gradient estimate (Eqn. 6.3) differ from the

true policy gradient (Eqn. 6.2):

dhy

1. The derivatives appearing in <3 according to the model are only an approxi-
mation of the true derivatives appearing in <.
2. The derivatives appearing in VR and in C% are evaluated along the wrong

trajectory, namely the estimated (rather than the true) trajectory.

In our algorithm, by adding the time-dependent bias to the model (in step 4 of the
algorithm), the resulting model perfectly predicts the true state sequence resulting

from executing the current policy. This results in the following gradient estimate:

VU (0) = 3 dhy
oU(6) =" VR(s) = ’ (6.4)
t=0 80,81 5--35t—1

which evaluates the derivatives along the true trajectory. Thus, by successively
grounding its policy evaluations in real-life trials, our algorithm’s policy gradient es-
timates are actually evaluated along true trajectories, eliminating the second source
of error.

We discussed the specific case of policy gradient. However, for any local policy
improvement algorithm used in conjunction with our algorithm, we get the benefit

of evaluating local changes along the true trajectory. For example, our experiments

6We use the phrasing “derivatives appearing in %” since for an n-dimensional state-space and

a g-dimensional policy parameterization vector 6, the expression % denotes the n x ¢ Jacobian of

derivatives of each state-coordinate with respect to each entry of 6.
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successfully demonstrate the benefits of our algorithm when used in conjunction with

differential dynamic programming.

6.4.2 Formal Results

The following theorem shows that (under certain assumptions) our algorithm con-

verges to a region of local optimality (as defined more precisely in the theorem).

Theorem 12. Let the local policy improvement algorithm be policy gradient. Let
e > 0 be such that for all t = 0,1,...,H we have H% - ‘Z—ét“g < € and ||% -
%”2 < €. Let the line search in our algorithm be n-optimal (i.e., it finds a point
that is within n of the optimal utility along the line). Let all first and second order
derivatives of {fi(-, )Yy, {fi(-, )}y, mo(-), R(:) be bounded by a constant C. Let
R < Ryax. Let n,p,q denote the dimensionality of the state space, action space and
policy parameterization space respectively. Then our algorithm converges to a locally
optimal region, in the following sense: there exist constants K and M —uwhich are
expressible as a function only of n, p, q, the constant C, and the MDP’s horizon

H —such that our algorithm converges to a region where the following holds:
VeU (0)||3 < 2K2€* 4 2M7. (6.5)
For the case of exact line search (n = 0) we obtain:
IVeU (0)]I3 < 2K7€". (6.6)

Proof (sketch). T The assumptions on the transition functions {f;}/,, the approxi-
mate transition functions { f;}2,, the policy class 7y and the reward function R imply
that there exist constants K and M (expressible as a function of n, p, ¢, C and H
only) such that:

IVeU(8) = VoU(O)]2 < Ke, (6.7)
VU@ < M. (6.8)

IN

"We give a complete proof in the Appendix.
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Thus, our algorithm performs an iterative gradient ascent (with approximate gradient
directions and approximate line search) to optimize the utility function U, which is
bounded from above and which has bounded second order derivatives. Our proof
proceeds by showing that this optimization procedure converges to a region where
Eqn. (6.5) holds. O

Theorem 12 shows that—if certain boundedness and smoothness conditions hold
for the true MDP and the model—our algorithm will converge to a region of small
gradient. It also shows that, as the model’s derivatives approach the true system’s
derivatives, the gradients in the (shrinking) convergence region approach zero (as-
suming exact line search).®

In contrast, no non-trivial bound holds for the model-based approach without
additional assumptions.”

Theorem 12 assumes a deterministic MDP. Space constraints preclude an in-depth
discussion, but we note that the ideas can be extended to systems with (very) limited

stochasticity.!°

8We note that, like exact gradient ascent, our algorithm could (pathologically) end up in a local
minimum, rather than a local maximum.

9Consider the MDP with horizon H=1, state-space S = R, transition function f(s,a) = a, and
R(s) = Cexp(—s?). Now consider the model with transition function f(s,a) = a + b, with b € R.
Then, for C and b arbitrarily large, the model-based optimal policy will be arbitrarily worse than
the true optimal policy. However, the assumptions of Theorem 12 are satisfied with € = 0, and our
algorithm will find the optimal policy in a single iteration.

10The results can be extended to those stochastic systems for which we can bound the change in
the utility and the change in the values of the derivatives (used in our algorithm) resulting from
being evaluated along state trajectories from different random trials under the same policy. We note
that the assumption concerns the trajectories obtained under a fixed policy in the policy class 7y,
rather than any policy or sequence of inputs. Feedback can often significantly reduce the diversity
of state trajectories obtained, and thus help in satisfying the assumption. Still, the stochasticity
needs to be very limited for the resulting bounds to be useful. A significant change in the algorithm
(or at least in the analysis of the algorithm) seems necessary to obtain a useful bound for systems
with significant stochasticity.
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6.5 Experimental results

In all of our experiments, the local policy improvement algorithm is differential dy-

namic programming (DDP). We also used DDP to find the initial policy 7).

6.5.1 Flight simulation

We first tested our algorithm using a fixed-wing aircraft flight simulator. The flight
simulator model contains 43 parameters corresponding to mass, inertia, drag coeffi-
cients, lift coefficients etc. We randomly generated “approximate models” by multi-
plying each parameter with a random number between 0.8 and 1.2 (one independent
random number per parameter).'> The model with the original (true) parameters
is the “real system” in our algorithm. Our (closed-loop) controllers control all four
standard fixed-wing aircraft inputs: throttle, ailerons, elevators and rudder. Our re-
ward function quadratically penalizes for deviation from the desired trajectory (which
in our case was a figure-8 at fixed altitude), for non-zero inputs, and for changes in
inputs at consecutive time steps.!?

Table 6.1 compares the performance of our algorithm and the model-based algo-
rithm. Our algorithm significantly improves the utility (sum of accumulated rewards),
namely by about 76%, within 5 iterations. Since typically only 1 iteration was required
in the line searches, this typically corresponded to (only) 5 real-life trials. Figure 6.1
shows the result of one representative run: the desired trajectory (black, dotted), the

trajectory with the controller from the (approximate) model (blue, solid), and the

UTn iteration 4, let myq) be the current policy, and let my:), be the policy returned by DDP (applied
to the MDP M(H‘l)). Then, we have that d() = #()’ — () is the policy improvement direction. For
the line search, we initialized o = 1 (which corresponds to the policy my).), and then reduced « by
50% until an improved policy was found.

12We discarded approximate models for which the initial (model-based) controller was unstable
in the real system. (This was £20% of the approximate models.)

BDetails of the setup: The fixed-wing flight simulator experiments were produced using the
linearized 6-DOF model developed in Chapter 2 of Stevens and Lewis (2003). The parameterization
is intended to model a small (1-kilogram, 1.5-meter wingspan) wing-body UAV that flies at low
airspeeds (10 m/s). The simulation ran at 50Hz. The target trajectory was a figure-8 at fixed
altitude with varying speed: slower in the turns, faster in the straight segments. The penalties on
the inputs and on the changes in inputs make the controller more robust to model inaccuracies. The
trajectory was 60 seconds long.
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Figure 6.1: Results of our algorithm for the flight simulator. Black, dotted: desired trajectory; blue,
solid: controller from model; green, dashed: controller after five iterations of our algorithm. (See
text for details.)

Table 6.1: Utilities achieved in the flight simulator: mean and one standard error for the mean (10
runs).

MODEL-BASED OUR ALGORITHM IMPROVEMENT
—13,028 (£330) —3,000 (£100)  76% (+2%)

trajectory obtained after 5 iterations of our algorithm (green, dashed). The top plot
shows the (z,y) coordinates (North, East), the bottom plot shows z (the altitude)
over time. The initial controller (based on the perturbed model) performs reasonably
well at following the (x,y) coordinates of the trajectory. However, it performs poorly
at keeping altitude throughout the maneuver. Our algorithm significantly improves
the performance, especially the altitude tracking. We note that it is fairly common
for badly-tuned controllers to fail to accurately track altitude throughout transient
parts of maneuvers. (Such as rolling left-right to stay in the figure-8 for our control
task.)
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Figure 6.2: Screenshot of the flight-simulator.

A graphical simulation'* of the trajectories flown by the model-based controller

and by the controller found by our algorithm is available at the following url:
http://www.cs.stanford.edu/ pabbeel/rl-videos.

Figure 6.2 shows a screenshot of the graphical simulator.

6.5.2 RC car

In our second set of experiments, we used the RC car shown in Figure 6.3. A ceiling-
mounted camera was used to obtain position estimates of the front and the rear of
the car (marked with red and blue markers). This allowed us to track the car reliably
within a rectangle of 3 by 2 meters. We then used an extended Kalman filter to track

the car’s state based on these observations in real-time.!®

14The (OpenGL) graphical flight simulator was originally developed by Morgan Quigley, and is
now maintained at http://sourceforge.net/projects/aviones.

S Experimental setup details: The RC car is an off-the-shelf XRAY M18, which has an electric
drive motor and an electric steering servo motor. The car was fitted with lower gearing to allow it to
run reliably at lower speeds (necessary to stay within the 3 by 2 meters area that can be tracked by
the camera). It was fitted with a switching voltage regulator to prevent battery decay from affecting
performance. The video stream captured by the ceiling mounted camera was digitized by a 2GHz
Linux workstation and processed by OpenCV (Intel, 2001) to dewarp the camera image. Custom
software was then used to locate the largest centroid of red and blue in the image, and to map those
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Figure 6.3: The RC car used in our experiments.

We modeled the RC car with six state-variables: the steering angle d, the forward
velocity of the front wheels v, the position coordinates x, y, the heading angle ¢ and
the heading rate v. The inputs are the steering wheel servo input (u; € [—1,+1]) and
the drive motor throttle (uy € [—1,+1]). At the speeds we consider, the slippage of
front and rear wheels is negligible. Rigid-body kinematics then gives the heading rate
1/} as a function of steering angle and velocity.'® Data collected from the car showed
that, when the throttle is decreased, the car slows down with fixed acceleration.

However, when the throttle is increased, the response is similar to a first order linear

image locations back to their respective positions in the ground plane. This experimental setup was
inspired in part by a similar one in Andrew W. Moore’s Auton Lab at Carnegie-Mellon University.

16See, e.g., Gillespie (1992) pp. 196-201, for details on low-speed turning and details on car
modeling in general.
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model. This results in the following model:

5ss = aju; + b17
6 = (64— 0)/T5,
Vs = QA2U2 + a3|u1| + bg,

0 = o > vH(vg — ) /7 + 1H{vg < v}ay,
vsin

L

Here 1{-} is the indicator function, which returns one if its argument is true and
zero otherwise; dy is the steady state steering angle for fixed input u;; vg is the
steady-state velocity for fixed inputs u; and us. We find the state variables x, y, ¥ by
numerical integration. The parameters (ay, b1, as, by, as, ay, 75, 7, L) were estimated
from measurements from the car and data collected from manually driving the car.!”

We considered three control problems: a turn with an open-loop controller, circles
with a closed-loop controller, and a figure-8 with a closed-loop controller. During the
open-loop turn, the desired velocity and turning radius change. Thus, the control task
requires a sequence of inputs, not just a single throttle and steering input setting.
The circle maneuver is non-trivial because of the velocity (1.4m/s) and the tight
turning radius. Moreover, the carpet threading makes the RC car drift, and thus
the circle cannot be driven with a fixed throttle and steering input. The figure-8

maneuver is the most challenging of the three maneuvers: the car is required to drive

at varying speeds (fast in straight segments (1.4m/s), slower in turns (1.0m/s)) and is

1"We measured the wheelbase of the car L. We measured the steering angle for various inputs u;,
and used linear regression to initialize the parameters a1, b;. We collected about 30 minutes of data
(at 30Hz) from the RC car driving in circles with different radii and at various speeds, including the
velocities and turning radii for the control tasks to come. We used linear regression to estimate the
parameters as, ba, ag from the data segments where steady-state velocity was reached. We used step-
input responses to initialize the parameters 75, 7, a4. We fine-tuned the parameters a, by, 7s, 7y, a4
by maximizing the likelihood of the data (using coordinate ascent). The model included that when
the throttle input was very close to 0 (more specifically, below 0.18), the RC car’s drive motor would
stall, i.e., the drive motor acted as if its input was 0. The model included the latency from inputs to
camera observation: it was estimated from step-input responses to be 0.1 seconds. Modeled latency
does not affect, and is orthogonal to, our method. However, unmodeled latency contributes to model
error and could thus decrease performance.
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required to make sharp turns, which requires fast and accurate control at the desired
velocity. In each case, our reward function penalizes quadratically for deviation from
the target trajectory (which defines a target state for each time step) and penalizes
quadratically for inputs and changes in the inputs. The penalty terms on the inputs
make the controller more robust to model inaccuracies. (See, e.g., Anderson and
Moore (1989) for more details.)'®

For all three control problems our algorithm significantly outperforms the model-
based controller after 5-10 iterations, with typically 1-4 real-life executions required
per iteration (due to the line search). Figure 6.4 shows the improvements throughout
the algorithm for the case of the turn with open loop control. We annotated the
trajectories with the index of the corresponding iteration. We see that the algorithm
consistently makes progress to finally follow the turn almost perfectly. This is in
sharp contrast to the performance of the model-based controller. Figure 6.5 shows
the initial (model-based) trajectory and the trajectory obtained with our algorithm
for the cases of closed-loop control for following a circle and a figure-8. Our algorithm
improved the performance (utility) by 97%, 88% and 63% for the turn, circles and
figure-8, respectively. Videos of the real-life trials when learning to drive the different
trajectories are available at the url given previously.*

The sub-optimal performance of the model-based policy approach indicates model
inaccuracies. Given the amount of training data collected (covering the velocities and
turning radii required for the control tasks later), we believe that the model inaccu-
racies are caused by our car modeling assumptions, rather than lack of data. This
suggests a more complex car model might be needed for the model-based approach.
Additional model inaccuracy results from the carpet threading. The asymmetric car-
pet threading causes the RC car to drift by up to 0.10m per circle when driving circles
of 1m radius in open-loop (fixed throttle and steering inputs). The carpet threading

18Control setup details: differential dynamic programming generated a sequence of linear feedback
controllers (for the closed-loop case) and a sequence of inputs (for the open-loop case), all at 20Hz.
The extended Kalman filter updated its state at roughly 30Hz (the frame rate of the camera).
Whenever the state estimate was updated, the controller for the time closest to the current time
was used. All three target trajectories started from zero velocity.

19We repeated the experiments 3-4 times for each maneuver, with similar results. The reported
results correspond to the movies we put available online.
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also seems to affect the stalling speed of the drive motor.

To evaluate how deterministic the RC car setup is, we repeatedly ran a few open-
loop input sequences. For the same input sequence, the end-points of the trajectories
differed from a few centimeters up to 50cm (for 2 second runs). We believe the
(apparent) non-determinism was caused mostly by the (unavoidably) slightly differing
initial positions, which result in different interactions with the carpet throughout the
trajectory. This effect is most significant when the car drives around the stalling

speed of the drive motor.

0.4
0.2f
0
—_ =02} X 7 - ’ . .
é : ’ : s :1 ~ Initial State
== . 2 ! . .
0.4+ P :
.......................... e I
-0.8F .4 1 )
-desired frajectory
— controller from model
-0.8 ~—— controller after last iteration of our algorithm
__________________ = = controllers af infermediate fterations | . .
-1k , . . L\ S M
-04 -02 1] 0.2 0.4 06 0.8 1 1.2 1.4

Figure 6.4: Results of our algorithm for the task of a turn with open-loop controller. (See text for
details.)

6.6 Related work

Classical and (especially) robust control theory consider the design of controllers that

work well for a large set of systems that are similar to the model that is used for
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Figure 6.5: Results of our algorithm for the task of following a circle (a) and a figure-8 (b). (See
text for details.)

designing the controller. The resulting controllers are less vulnerable to modeling
errors, but do not achieve optimal performance in the true system. (See, e.g., Zhou
et al. (1995); Dullerud and Paganini (2000) for more details on robust control. See,
e.g., Bagnell et al. (2001); Nilim and El Ghaoui (2005); Morimoto and Atkeson
(2002) for some examples of robust-control work within the RL community.) Also
within the formalism of optimal control one can give up optimality and, instead,
design controllers that are more robust to mismatches between model and real-life,
namely by including additional terms into the reward function. For example, one
penalizes high frequency inputs (since the simulator is typically less accurate at high
frequencies), or one penalizes the integral of the error over time to avoid steady-state
errors. (See, e.g., Anderson and Moore (1989) for the linear quadratic setting.)

Another approach is to use non-parametric learning algorithms to build a model. (Atke-
son et al., 1997a) Although they might require more training data, non-parametric
learning algorithms have the advantage of being less prone to modeling errors.

We note that Atkeson and Schaal (1997) and Morimoto and Doya (2001) also
achieved successful robot control with a limited number of real-life trials. Our work
significantly differs from both. Atkeson and Schaal (1997) started from a human
demonstration of the (swing-up) task. Morimoto and Doya (2001) use a (hierarchical)

Q-learning variant.
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Iterative learning control (ILC) is the research area most closely related to our
work, as our work could be seen as an instance of iterative learning control. ILC
refers to the entire family of iterative control design approaches where the errors
from past trials are used to compute the current inputs. In its most common form,
ILC iteratively optimizes an open-loop (or feed-forward) input sequence. In contrast
to our approach, most work in ILC does not use a model, rather, it just uses the
past trials to compute the next iteration’s controller. See, e.g., Moore (1998), for an

overview and references to other work in iterative learning control.

6.7 Discussion

We presented an algorithm that uses a crude model and a small number of real-life
trials to find a controller that works well in real-life. Our theoretical results show
that—assuming the model derivatives are good approximations of the true deriva-
tives, and assuming a deterministic setting—our algorithm will return a policy that
is (locally) near-optimal. Our experiments (with a flight simulator and a real RC car)
demonstrate that our algorithm can significantly outperform the model-based control
approach, even when using only a few real-life trials on top of the crude model that
is shared with the model-based approach.

While the fixed-task setting might seem restrictive at first, we believe many com-
plicated tasks can be executed by putting together good controllers for fixed subtasks.
E.g., a substantial fraction of car driving consists of starting, stopping, forward driv-
ing, lane changing, and a small number of turns.

An interesting future research direction is to extend our algorithm to the case of

stochastic dynamics.



Chapter 7

Learning trajectories from multiple

demonstrations

In Chapter 2 of this dissertation we described apprenticeship learning algorithms that
leverage expert demonstrations to extract a definition of the task in the form of a
reward function that trades of different features.

In this chapter we consider learning a different task representation from demon-
stration for another very common class of tasks in robotics: trajectory following. We

apply our trajectory learning algorithm to learn aerobatic airshows for a helicopter.

7.1 Introduction

Many tasks in robotics can be described as a trajectory that the robot should follow.
Unfortunately, specifying the desired trajectory and building an appropriate model for
the robot dynamics along that trajectory are often non-trivial tasks. For example,
when asked to describe the trajectory that a helicopter should follow to perform
an aerobatic flip, one would have to specify a trajectory that (i) corresponds to
the aerobatic flip task, and (ii) is consistent with the helicopter’s dynamics. The
latter requires (iii) an accurate helicopter dynamics model for all of the flight regimes
encountered in the vicinity of the trajectory. These coupled tasks are non-trivial for

systems with complex dynamics, such as helicopters. Failing to adequately address

114
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these points leads to a significantly more difficult control problem.

In the apprenticeship learning setting, where an expert is available, rather than re-
lying on a hand-engineered target trajectory, one can instead have the expert demon-
strate the desired trajectory. The expert demonstration yields both a desired tra-
jectory for the robot to follow, as well as data to build a dynamics model in the
vicinity of this trajectory. Unfortunately, perfect demonstrations can be hard (if not
impossible) to obtain. However, repeated expert demonstrations are often suboptimal
in different ways, suggesting that a large number of suboptimal expert demonstra-
tions could implicitly encode the ideal trajectory the suboptimal expert is trying to
demonstrate.

In this chapter we propose an algorithm that approximately extracts this implicitly
encoded optimal demonstration from multiple suboptimal expert demonstrations, and
then builds a model of the dynamics in the vicinity of this trajectory suitable for high-
performance control. In doing so, the algorithm learns a target trajectory and a model
that allows the robot to not only mimic the behavior of the expert but even perform
significantly better. (See, Chapter 8 for details on the helicopter flight experiments.)

Properly extracting the underlying ideal trajectory from a set of suboptimal tra-
jectories requires a significantly more sophisticated approach than merely averaging
the states observed at each time-step. A simple arithmetic average of the states would
result in a trajectory that does not even obey the constraints of the dynamics model.
Also, in practice, each of the demonstrations will occur at different rates so that at-
tempting to combine states from the same time-step in each trajectory will not work
properly.

We propose a generative model that describes the expert demonstrations as noisy
observations of the unobserved, intended target trajectory, where each demonstration
is possibly warped along the time axis. We present an EM algorithm—which uses
a (extended) Kalman smoother and an efficient dynamic programming algorithm to
perform the E-step—to both infer the unobserved, intended target trajectory and a
time-alignment of all the demonstrations. The time-aligned demonstrations provide
the appropriate data to learn good local models in the vicinity of the trajectory—such

trajectory-specific local models tend to greatly improve control performance.
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Our algorithm allows one to easily incorporate prior knowledge to further improve
the quality of the learned trajectory. For example, for a helicopter performing in-place
flips, it is known that the helicopter can be roughly centered around the same position
over the entire sequence of flips. Our algorithm incorporates this prior knowledge,
and successfully factors out the position drift in the expert demonstrations.

We apply our algorithm to learn trajectories and dynamics models for aerobatic
flight with a remote controlled helicopter. Our experimental results show that (i)
our algorithm successfully extracts a good trajectory from the multiple sub-optimal
demonstrations, and (ii) the resulting flight performance significantly extends the
prior state of the art in aerobatic helicopter flight (Abbeel et al., 2007; Gavrilets
et al., 2002a). (See Chapter 8 for details on the helicopter flight experiments.) Most
importantly, our resulting controllers are the first to perform as well, and often even
better, than our expert pilot.

The remainder of this chapter is organized as follows: Section 7.2 presents our
generative model for (multiple) suboptimal demonstrations; Section 7.3 describes our
trajectory learning algorithm in detail; Section 7.4 describes our local model learning
algorithm; Section 7.5 describes our helicopter platform and experimental results;
Section 7.6 discusses related work.

The work described in this chapter has first appeared in Coates, Abbeel and Ng
(2008).

7.2 Generative Model

7.2.1 Basic Generative Model

We are given M demonstration trajectories of length N*, for k¥ = 0..M — 1. Each
trajectory is a sequence of states, sf, and control inputs, ué‘?, composed into a single

state vector:

J

k

yi=1 % |, for j=0.N*—1,k=0.M—1.
uk
J
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Our goal is to estimate a “hidden” target trajectory of length 7', denoted similarly:

S*
Z = b1, fort=0.T—1.
uf
We use the following notation: y = {y¥ [ j =0.N* =1,k =0.M —1},z={z | t =
0.7 — 1}, and similarly for other indexed variables.
The generative model for the ideal trajectory is given by an initial state distribu-

tion zg ~ N (10, Xo) and an approximate model of the dynamics
_ (2) =) o A(0. %) 1
21 = f(Zt) -+ Wy 7y Wy =~ (O, ) (7 )

The dynamics model does not need to be particularly accurate—in our experiments,
we use a single generic model learned from a large corpus of data that is not specific
to the trajectory we want to perform. In our experiments (Section 7.5) we provide
some concrete examples showing how accurately the generic model captures the true
dynamics for our helicopter.!

Our generative model represents each demonstration as a set of independent “ob-

servations” of the hidden, ideal trajectory z. Specifically, our model assumes
g =2+’ o ~ N(0,EW). (7.2)

Here Tf is the time index in the hidden trajectory to which the observation yf is
mapped. The noise term in the observation equation captures both inaccuracy in es-
timating the observed trajectories from sensor data, as well as errors in the maneuver

that are the result of the human pilot’s imperfect demonstration.?

IThe state transition model also predicts the controls as a function of the previous state and
controls. In our experiments we predict uy,; as uy plus Gaussian noise.

2Even though our observations, y, are correlated over time with each other due to the dynamics
governing the observed trajectory, our model assumes that the observations yf are independent for

all j =0.N*¥ —1and k=0..M — 1.
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k
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The time indices 7;" are unobserved, and our model assumes the following distri-

bution with parameters d¥:

]P)(T](:l ’T]k)

k
To

df
d;
dg

if T]k_,’_l — Tf =1
if Tf+1 — Tf =2
if Tﬁrl — Tf =
otherwise

(7.3)

(7.4)

To accommodate small, gradual shifts in time between the hidden and observed tra-

jectories, our model assumes the observed trajectories are subsampled versions of the

hidden trajectory. We found that having a hidden trajectory length equal to twice

the average length of the demonstrations, ie., T = 2(5; ST N), gives sufficient

resolution.

Figure 7.1: Graphical model representing our trajectory assumptions. (Shaded nodes are observed.)

Figure 7.1 depicts the graphical model corresponding to our basic generative
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model. Note that each observation y;? depends on the hidden trajectory’s state at
time Tjk, which means that for Tf unobserved, yjk depends on all states in the hidden

trajectory that it could be associated with.

7.2.2 Extensions to the Generative Model

Thus far we have assumed that the expert demonstrations are misaligned copies of
the ideal trajectory merely corrupted by Gaussian noise. Listgarten et al. have used
this same basic generative model (for the case where f(-) is the identity function) to
align speech signals and biological data (Listgarten, 2006; Listgarten et al., 2005).
We now augment the basic model to account for other sources of error which are

important for modeling and control.

Learning Local Model Parameters

For many systems, we can substantially improve our modeling accuracy by using a
time-varying model f;(-) that is specific to the vicinity of the intended trajectory at
each time t. We express f; as our “crude” model, f, augmented with a bias term?,
Gt

21 = folz) + w0 = f(z) + B + W,

To regularize our model, we assume that 37 changes only slowly over time. We
have 7, ~ N (57, 50)).

We incorporate the bias into our observation model by computing the observed
bias ﬁf = yf — f (yf_l) for each of the observed state transitions, and modeling this
as a direct observation of the “true” model bias corrupted by Gaussian noise. The
result of this modification is that the ideal trajectory must not only look similar to the
demonstration trajectories, but it must also obey a dynamics model which includes

those errors consistently observed in the demonstrations.

30ur generative model can incorporate richer local models. We discuss our choice of merely using
biases in our generative trajectory model in more detail in Section 7.4.
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Factoring out Demonstration Drift

It is often difficult, even for an expert pilot, during aerobatic maneuvers to keep the
helicopter centered around a fixed position. The recorded position trajectory will
often drift around unintentionally. Since these position errors are highly correlated,
they are not explained well by the Gaussian noise term in our observation model.
To capture such slow drift in the demonstrated trajectories, we augment the latent
trajectory’s state with a “drift” vector §F for each time ¢ and each demonstrated
trajectory k. We model the drift as a zero-mean random walk with (relatively) small
variance. The state observations are now noisy measurements of z; + dF rather than

merely z;.

Incorporating Prior Knowledge

Even though it might be hard to specify the complete ideal trajectory in state space,
we might still have prior knowledge about the trajectory. Hence, we introduce addi-
tional observations p; = p(z;) corresponding to our prior knowledge about the ideal
trajectory at time ¢. The function p(z;) computes some features of the hidden state
2 and our expert supplies the value p; that this feature should take. For example,
for the case of a helicopter performing an in-place flip, we use an observation that
corresponds to our expert pilot’s knowledge that the helicopter should stay at a fixed
position while it is flipping. We assume that these observations may be corrupted
by Gaussian noise, where the variance of the noise expresses our confidence in the
accuracy of the expert’s advice. In the case of the flip, the variance expresses our
knowledge that it is, in fact, impossible to flip perfectly in-place and that the actual
position of the helicopter may vary slightly from the position given by the expert.
Incorporating prior knowledge of this kind can greatly enhance the learned ideal

trajectory. We give more detailed examples in Section 7.5.
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Model Summary

In summary, we have the following generative model:

an = fla)+ 6 +w, (7.5)
By = B +w!, (7.6)
6., = 5F 4+ w®, (7.7)
pe = plz)+w, (7.8)
yi = ZTJk+5f+w§y), (7.9)
mF o~ P(rf ) (7.10)

Here wgz), wﬁﬂ), wﬁé),wfp), w](-y)

covariance matrices X(*), £(8) $0) () 33 The transition probabilities for 7% are

j
defined by Eqs. (7.3, 7.4) with parameters d¥, d5, d% (collectively denoted d).

are zero mean Gaussian random variables with respective

7.3 'Trajectory Learning Algorithm

Our learning algorithm automatically finds the time-alignment indexes 7, the time-
index transition probabilities d, and the covariance matrices X() by (approximately)
maximizing the joint likelihood of the observed trajectories y and the observed prior
knowledge about the ideal trajectory p, while marginalizing out over the unobserved,

intended trajectory z. Concretely, our algorithm (approximately) solves
max, s g log P(y, p, 7 ; E('),d). (7.11)

Then, once our algorithm has found 7,d,X(), it finds the most likely hidden tra-
jectory, namely the trajectory z that maximizes the joint likelihood of the observed
trajectories y and the observed prior knowledge about the ideal trajectory p for the

learned parameters 7,d, 2() .4

4Note maximizing over the hidden trajectory and the covariance parameters simultaneously in-
troduces undesirable local maxima: the likelihood score would be highest (namely infinity) for a
hidden trajectory with a sequence of states exactly corresponding to the (crude) dynamics model
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The joint optimization in Eq. (7.11) is difficult because (as can be seen in Fig-
ure 7.1) the lack of knowledge of the time-alignment index variables 7 introduces a
very large set of dependencies between all the variables. However, when 7 is known,
the optimization problem in Eq. (7.11) greatly simplifies thanks to context specific in-
dependencies (Boutilier et al., 1996). When 7 is fixed, we obtain a model such as the
one shown in Figure 7.2. In this model we can directly estimate the multinomial pa-
rameters d in closed form; and we have a standard HMM parameter learning problem
for the covariances (), which can be solved using the EM algorithm (Dempster et al.,
1977)—often referred to as Baum-Welch in the context of HMMs. Concretely, for our
setting, the EM algorithm’s E-step computes the pairwise marginals over sequential
hidden state variables by running a (extended) Kalman smoother; the M-step then

uses these marginals to update the covariances 0.

Figure 7.2: Example of graphical model when 7 is known. (Shaded nodes are observed.)

To also optimize over the time-indexing variables 7, we propose an alternating

optimization procedure. For fixed () and d, and for fixed z, we can find the optimal

f(+) and state-transition covariance matrices equal to all-zeros as long as the observation covariances
are non-zero. Hence we marginalize out the hidden trajectory to find 7, d, ().
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time-indexing variables 7 using dynamic programming over the time-index assign-
ments for each demonstration independently. The dynamic programming algorithm
to find 7 is known in the speech recognition literature as dynamic time warping (Sakoe
& Chiba, 1978) and in the biological sequence alignment literature as the Needleman-
Wunsch algorithm (Needleman & Wunsch, 1970). The fixed z we use, is the one that
maximizes the likelihood of the observations for the current setting of parameters
7.d, 205

In practice, rather than alternating between complete optimizations over ©(), d
and T, we only partially optimize over ¥(), running only one iteration of the EM
algorithm.

We provide the complete details of our algorithm in Appendix E.

7.4 Local Model Learning

For complex dynamical systems, the state z; used in the dynamics model often does
not correspond to the “complete state” of the system, since the latter could involve
large numbers of previous states or unobserved variables that make modeling diffi-
cult.® However, when we only seek to model the system dynamics along a specific
trajectory, knowledge of both z; and how far we are along that trajectory is often
sufficient to accurately predict the next state z;.1.

Once the alignments between the demonstrations are computed by our trajec-
tory learning algorithm, we can use the time aligned demonstration data to learn a
sequence of trajectory-specific models. The time indices of the aligned demonstra-
tions now accurately associate the demonstration data points with locations along

the learned trajectory, allowing us to build models for the state at time ¢ using the

5Fixing z means the dynamic time warping step only approximately optimizes the original ob-
jective. Unfortunately, without fixing z, the independencies required to obtain an efficient dynamic
programming algorithm do not hold. In practice we find our approximation works very well.

6This is particularly true for helicopters. Whereas the state of the helicopter is very crudely
captured by the 12D rigid-body state representation we use for our controllers, the “true” physical
state of the system includes, among others, the airflow around the helicopter, the rotor head speed,
and the actuator dynamics.
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appropriate corresponding data from the demonstration trajectories.”

To construct an accurate nonlinear model to predict 2,1 from z;, using the aligned
data, one could use locally weighted linear regression (Atkeson et al., 1997b), where
a linear model is learned based on a weighted dataset. Data points from our aligned
demonstrations that are nearer to the current time index along the trajectory, t,
and nearer the current state, z;, would be weighted more highly than data far away.
While this allows us to build a more accurate model from our time-aligned data, the
weighted regression must be done online, since the weights depend on the current
state, z. For performance reasons® this may often be impractical. Thus, we weight
data only based on the time index, and learn a parametric model in the remaining
variables (which, in our experiments, has the same form as the global “crude” model,
f(+)). Concretely, when estimating the model for the dynamics at time ¢, we weight

a data point at time ¢’ by:°

g

W) = exp (—“‘—”) ,

where o is a bandwidth parameter. Typical values for ¢ are between one and two
seconds in our experiments. Since the weights for the data points now only depend
on the time index, we can precompute all models f;(-) along the entire trajectory.
The ability to precompute the models is a feature crucial to our control algorithm,

which relies heavily on fast simulation.

"We could learn the richer local model within the trajectory alignment algorithm, updating the
dynamics model during the M-step. We chose not to do so since these models are more computation-
ally expensive to estimate. The richer models have minimal influence on the alignment because the
biases capture the average model error—the richer models capture the derivatives around it. Given
the limited influence on the alignment, we chose to save computational time and only estimate the
richer models after alignment.

8During real-time control execution, our model is queried roughly 52000 times per second. Even
with KD-tree or cover-tree data structures a full locally weighted model would be much too slow.

91n practice, the data points along a short segment of the trajectory lie in a low-dimensional sub-
space of the state space. This sometimes leads to an ill-conditioned parameter estimation problem.
To mitigate this problem, we regularize our models toward the “crude” model f(-).
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7.5 Experimental Results

7.5.1 Experimental Setup

To test our algorithm, we had our expert helicopter pilot fly our XCell Tempest
helicopter (Figure 8.1), which can perform professional, competition-level maneuvers.
We instrumented the helicopter with a Microstrain 3DM-GXI1 orientation sensor. A
ground-based camera system measures the helicopter’s position. A Kalman filter
uses these measurements to track the helicopter’s position, velocity, orientation and

angular rate. (See Chapter 8 Section 8.2 for more details on our helicopter platform.)
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Figure 7.3: Colored lines: demonstrations. Black dotted line: trajectory inferred by our algorithm.
(See text for details.)

We collected multiple demonstrations from our expert for a variety of aerobatic
trajectories: continuous in-place flips and rolls, a continuous tail-down “tic toc,” and
an airshow, which consists of the following maneuvers in rapid sequence: split-S, snap

roll, stall-turn, loop, loop with pirouette, stall-turn with pirouette, “hurricane” (fast
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backward funnel), knife-edge, flips and rolls, tic-toc and inverted hover.

The (crude) helicopter dynamics f(-) is constructed using the method of Abbeel
et al. (2006a).!° The helicopter dynamics model predicts linear and angular acceler-
ations as a function of current state and inputs. The next state is then obtained by
integrating forward in time using the standard rigid-body equations.

In the trajectory learning algorithm, we have bias terms [3; for each of the pre-
dicted accelerations. We use the state-drift variables, dF, for position only.

For the flips, rolls, and tic-tocs we incorporated our prior knowledge that the

helicopter should stay in place. We added a measurement of the form:
0= p(z) 4+ w?), W) ~ N(0, 5P0))

where p(-) is a function that returns the position coordinates of z,, and X% is a
diagonal covariance matrix. This measurement—which is a direct observation of the
pilot’s intended trajectory—is similar to advice given to a novice human pilot to
describe the desired maneuver: A good flip, roll, or tic-toc trajectory stays close to
the same position.

We also used additional advice in the airshow to indicate that the vertical loops,
stall-turns and split-S should all lie in a single vertical plane; that the hurricanes
should lie in a horizontal plane and that a good knife-edge stays in a vertical plane.

These measurements take the form:
c=NTp(z)+w) W)~ N(0,B0)

where, again, p(z;) returns the position coordinates of z;. N is a vector normal to the

plane of the maneuver, ¢ is a constant, and X"V is a diagonal covariance matrix.

10The model of Abbeel et al. (2006a) naturally generalizes to any orientation of the helicopter
regardless of the flight regime from which data is collected. Hence, even without collecting data
from aerobatic flight, we can reasonably attempt to use such a model for aerobatic flying, though
we expect it to be relatively inaccurate.
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7.5.2 Trajectory Learning Results

Figure 7.3(a) shows the horizontal and vertical position of the helicopter during the
two loops flown during the airshow. The colored lines show the expert pilot’s demon-
strations. The black dotted line shows the inferred ideal path produced by our algo-
rithm. The loops are more rounded and more consistent in the inferred ideal path.
We did not incorporate any prior knowledge to this extent. Figure 7.3(b) shows a
top-down view of the same demonstrations and inferred trajectory. The prior suc-
cessfully encouraged the inferred trajectory to lie in a vertical plane, while obeying
the system dynamics.

Figure 7.3(c) shows one of the bias terms, namely the model prediction errors for
the Z-axis acceleration of the helicopter computed from the demonstrations, before
time-alignment. Figure 7.3(d) shows the result after alignment (in color) as well as
the inferred acceleration error (black dotted). We see that the unaligned bias mea-
surements allude to errors approximately in the -1G to -2G range for the first 40
seconds of the airshow (a period that involves high-G maneuvering that is not pre-
dicted accurately by the “crude” model). However, only the aligned biases precisely
show the magnitudes and locations of these errors along the trajectory. The align-
ment allows us to build our ideal trajectory based upon a much more accurate model
that is tailored to match the dynamics observed in the demonstrations.

Results for other maneuvers and state variables are similar. At the URL below
we provide movies that simultaneously replay the different demonstrations, before
alignment and after alignment. The movies visualize the alignment results in many

state dimensions simultaneously.

http://heli.stanford.edu

7.6 Related Work

Although no prior works span our entire setting of learning for control from multiple
demonstrations, there are separate pieces of work that relate to various components

of our approach.
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Atkeson and Schaal (1997) use multiple demonstrations to learn a model for a
robot arm, and then find an optimal controller in their simulator, initializing their
optimal control algorithm with one of the demonstrations.

The work of Calinon et al. (2007) considered learning trajectories and constraints
from demonstrations for robotic tasks. There, they do not consider the system’s
dynamics or provide a clear mechanism for the inclusion of prior knowledge. Our
formulation presents a principled, joint optimization which takes into account the
multiple demonstrations, as well as the (complex) system dynamics and prior knowl-
edge. While Calinon et al. (2007) also use some form of dynamic time warping, they
do not try to optimize a joint objective capturing both the system dynamics and
time-warping.

Among others, An et al. (1988) and, more recently, Abbeel et al. (2006b) have
exploited the idea of trajectory-indexed model learning for control. However, contrary
to our setting, their algorithms do not time align nor coherently integrate data from
multiple trajectories.

While the work by Listgarten et al. (Listgarten, 2006; Listgarten et al., 2005)
does not consider robotic control and model learning, they also consider the problem
of multiple continuous time series alignment with a hidden time series.

The work described in this chapter also has strong connections with recent work
on inverse reinforcement learning, which extracts a reward function (rather than a
trajectory) from the expert demonstrations. We refer the reader to Chapter 2 for

more details.

7.7 Discussion

We presented an algorithm that takes advantage of multiple suboptimal trajectory
demonstrations to (i) extract (an estimate of) the ideal demonstration, (ii) learn a
local model along this trajectory. Our algorithm is generally applicable for learning

trajectories and dynamics models along trajectories from multiple demonstrations.



Chapter 8

An Application to Aerobatic
Helicopter Flight

In this chapter we describe the application of the apprenticeship learning methods
presented in preceding chapters to the problem of autonomous helicopter flight. They
have enabled us to significantly extend the state of the art in autonomous helicopter
aerobatics. Our results include the first autonomous in-place flips, in-place rolls,
tic-tocs, loops and hurricane, and a complete airshow, which requires autonomous
transitions between these and various other maneuvers. Our controllers perform as
well, and often even better, than our expert pilot.

Videos of our autonomous helicopter flight results are available at:

http://heli.stanford.edu.

8.1 Introduction

Autonomous helicopter flight is a challenging control problem with high-dimensional,
asymmetric, noisy, nonlinear, non-minimum phase dynamics. Helicopters are widely
regarded to be significantly harder to control than fixed-wing aircraft. (See, e.g., Leish-
man, 2000; Seddon, 1990.) At the same time, helicopters provide unique capabilities,

such as in-place hover and low-speed flight, important for many applications. The
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control of autonomous helicopters thus provides a challenging and important testbed
for learning and control algorithms.

In the “upright flight regime” there has recently been considerable progress in
autonomous helicopter flight. For example, Bagnell and Schneider (2001) achieved
sustained autonomous hover. Both La Civita et al. (2006) and Ng et al. (2004b)
achieved sustained autonomous hover and accurate flight in regimes where the heli-
copter’s orientation is fairly close to upright. Roberts et al. (2003) and Saripalli et al.
(2003) achieved vision based autonomous hover and landing.

By contrast, autonomous flight achievements in other flight regimes have been
very limited. Gavrilets et al. (2004) achieved a split-S, a stall turn and a roll in
forward flight. Ng et al. (2004a) achieved sustained autonomous inverted hover.

The results presented in this chapter significantly expand the limited set of suc-
cessfully completed aerobatic maneuvers. We present the first successful autonomous
completion of the following maneuvers: continuous in-place flips and rolls, a con-
tinuous tail-down “tic-toc,” loops, loops with pirouettes, stall-turns with pirouette,
“hurricane” (fast backward funnel), knife-edge, immelmann, slapper, sideways tic-toc,
traveling flips, inverted tail-slide. Not only are we first to autonomously complete such
maneuvers, our controllers are also able to continuously repeat the maneuvers with-
out any pauses in between. Thus the controller has to provide continuous feedback
during the maneuvers, and cannot, for example, use a period of hovering to correct
errors from the first execution of the maneuver before performing the maneuver a
second time. In fact, we also have our helicopter fly complete aerobatic airshows,
during which our helicopter executes a wide variety of aerobatic maneuvers in rapid
sequence. (See Section 8.6 for details.)

The remainder of this chapter is organized as follows: Section 8.2 describes our
helicopter platform. Section 8.3 describes our state estimation: we use an (extended)
Kalman filter, which gives us state estimates by fusing our sensor data. Section 8.4
describes our approach, going from expert demonstrations to fully autonomous he-
licopter aerobatics. Our algorithm assumes access to a reinforcement learning (or
optimal control) algorithm which can solve for the optimal policy when given a dy-

namics model and a reward function. In Section 8.5 we describe the details of our
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controller, which is based upon receding horizon differential dynamic programming.
Section 8.6 describes our autonomous flight results. Section 8.7 concludes the chapter.
Movies of our autonomous helicopter flights are available at the following url, also

mentioned in the first paragraph of this chapter:
http://heli.stanford.edu.

The work presented in this chapter has previously appeared in Abbeel, Coates,
Quigley and Ng (2007); Coates, Abbeel and Ng (2008).

8.2 Helicopter platform

We have used a variety of helicopter models and configurations throughout various
experiments. The helicopters themselves have been off-the-shelf RC helicopter kits,
which we then assemble the standard way. The two helicopter platforms we have
flown autonomously are: (i) the 90-size XCell Tempest (length 135cm, height 51cm,
weight 5.10kg, main rotor blade length 720mm), featured in Figure 8.1, and (ii) the
90-size Synergy N9 (length 138cm, height 40cm, weight 4.85kg, main rotor blade
length 720mm), featured in Figure 8.2. Our instrumentation (inertial unit, radio,
battery, packaging/mounting) adds 0.44kg. Both platforms are competition-class
aerobatic helicopters powered by two-stroke engines. Between the two, the Synergy
N9 platform offers more in terms of extreme aerobatics: the center of gravity (CG)
is higher (closer to the rotor), the fuel tank is under the CG (doesn’t change during
flight), the canopy is more aerodynamic (ability to carry inertia), the engine has
better cooling (hence can sustain a higher power output).

We instrument our helicopters with a Microstrain 3DM-GX1 orientation sensor.
The Microstrain package contains triaxial accelerometers, rate gyros, and magne-
tometers at 333Hz.

For position sensing we have used various solutions. Our autonomous flight ap-
proach does not change with the type of position sensing we use, but it does assume

we regularly get position information.
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Figure 8.2: Synergy N9.

When we only fly in the close-to-upright flight regime, we have instrumented our
helicopters with the off-the-shelf Novatel RT2 GPS receiver, which uses carrier-phase
differential GPS to provide real-time position estimates at 10Hz with approximately
2cm accuracy as long as its antenna is pointing at the sky, i.e., as long as its antenna
gets sufficient satellite coverage.

When we fly helicopter aerobatics, we use a ground-based vision system. We have
two (or more) cameras in known position and orientation on the ground. We track
the helicopter in the camera images and obtain position estimates for the helicopter
through triangulation. We use Point Grey Research DragonFly2 cameras. We get
position estimates at 5Hz that are about 25cm accurate at about 40m distance from

the cameras. The accuracy increases a bit closer in, and decreases farther out.
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We use Maxstream’s (now Digi) XBee Pro chips, which send the inertial (and
possibly GPS) data from the helicopter to a ground-based PC. The ground-based
PC also receives the vision-based position estimates when applicable. The ground-
based PC then fuses the inertial and position sensing information into an (extended)
Kalman filter to obtain state estimates. Our ground-based PC is a Dell Precision
490n Workstation, with a dual 2.66GHz Intel Xeon, 2GB RAM, running Gentoo
Linux (2.6.19 with low-latency kernel configuration).

Our controller generates control signals for each of the helicopter’s control channels
based upon the control task and the current state estimate. The governor automati-
cally controls the throttle channel such as to keep the engine rpm at the desired rate.

This leaves us with the following four helicopter control inputs:

o u; and uy: The latitudinal (left-right) and longitudinal (front-back) cyclic pitch
controls. They are also often referred to by elevator and aileron. They cyclically
change the pitch angle of the main rotor throughout each cycle and can thereby
cause the helicopter to pitch forward /backwards or to roll sideways. By pitching
and rolling the helicopter, the pilot can affect the direction of the main thrust,

and hence the direction in which the helicopter moves.

e us3: The tail rotor collective pitch control. This control is also often referred to
by rudder and it affects the tail rotor thrust. It can be used to yaw (turn) the
helicopter.

e uy: The main rotor collective pitch control, similarly to the cyclic controls,
causes the main rotor blades to rotate along an axis that turns along the length
of the rotor blades, and thereby affects the angle at which the main rotor’s blades
are tilted relative to the plane of rotation. As the main rotor blades sweep
through the air, they generate an amount of upward thrust that (generally)
increases with this angle. By varying the collective pitch angle, we can affect
the main rotor’s thrust. For inverted flight, by setting a negative collective pitch

angle, we can cause the helicopter to produce negative thrust.

To send the controls up to the helicopter, we use a standard hobby radio transmit-

ter. In particular, we use the Spektrum transmitter /receiver setup, and we feed pulse
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width modulated (PWM) signal into the buddy port of the transmitter. The buddy-
switch on the transmitter controls whether our human pilot than well our computer
is in control of the helicopter. To generate the control signals, we connect our PC
through a serial port to an Atmel microcontroller. Similarly, to record the control
signals (for logging and modeling purposes), we have a copy of the helicopter’s re-
ceiver on the ground, and have it output the received controls through its servo lines,
which we feed into a second Atmel, which in turn measures their pulse width lengths

and sends them on to our PC over a serial port.

8.3 State estimation: our extended Kalman filter

Kalman filters and their extensions for non-linear systems, such as extended Kalman
filters and unscented Kalman filters are widely used for state estimation. We refer the
reader to, e.g., Kalman (1960); Gelb (1974); Bertsekas (2001); Anderson and Moore
(1989) for more details on Kalman filters. We use an extended Kalman filter.! In
this section we focus on the characteristics that are specific to our setup: (i) The
choice of state space, measurement model and dynamics model, and (ii) A good way
to represent 3D orientation.

For state estimation purposes (not for modeling and control, which we will cover

later), we use the following variables in our state representation:
e (n,e,d): the North, East, Down position coordinates of the helicopter.

(n, é, d) the North, East, Down velocity.

(7, €, d) the North, East, Down acceleration.

® (Gz, Gy, Q= qw): a quaternion representing the helicopter’s orientation.

(p,q,7): the angular rate of the helicopter along its forward, sideways and

downward axis.

'For implementational convenience, we use numerical (finite-difference) linearizations of the non-
linear measurement and dynamics functions.
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e (p,q,7): the angular acceleration of the helicopter along its forward, sideways

and downward axis.

o (by,by,b,): gyro bias terms, which track the (slowly varying) bias in each of the

axes of the inertial unit’s gyro’s.

Our Kalman filter uses a very simple dynamics model: it assumes both linear
and angular accelerations at the next time equal the linear and angular accelerations
at the current time plus some Gaussian noise. Similarly, it assumes the bias terms
remain the same up to Gaussian noise. Velocity, position, angular rate, and orienta-
tion are obtained through integration. We also add a very small, yet non-zero noise
contribution to the orientation, as the Euler integration is only an approximation.
We use very small variances, of the order of 1e — 9.

Our position sensing system (GPS or ground-based vision) gives us a noisy mea-
surement of (n, e, d). The inertial unit gives us noisy measurements of: (i) acceleration
plus gravity, as measured in the helicopter frame, (ii) the Earth’s magnetic field, as
measured in the helicopter frame, and (iii) the angular rate of the helicopter plus the
bias on the gyros, i.e., (p,q,7) + (bs,by,0,). Each of these are readily incorporated
into the standard measurement updates for an (extended) Kalman filter.

For most state variables we use the standard linearization of the measurement
and dynamics functions around the current state. However, we have a specific way
of linearizing the orientation representation. Quaternions represent orientation with
four variables, with the fourth variable being (crudely speaking) a deterministic non-
linear function of the three other variables. Naively treating the four quaternion
variables as the other state variables results in a singular covariance matrix. This
singularity is difficult to maintain numerically due to the accumulation of round-off
error. In fact, the covariance matrix may even develop a negative eigenvalue. (Lefferts
et al., 1982)

We found the following approach works better (see also Lefferts et al., 1982). The
EKF uses a three dimensional “error quaternion” dq to represent the orientation,
which is now represented relative to the current most likely orientation q. Whenever

the EKF updates the current state estimate, and hence changes dq, we “reset” the
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orientation representation by updating the current most likely orientation § < ¢ *
0q, and we reset dqg «— 0. Here % is a quaternion multiply. The uncertainty over
orientation, represented by the covariance matrix in the EKF, is now over the error
quaternion dq. To find the linearization (jacobian) F' of a function f which takes in
a quaternion, we compute for i = 1,2, 3:
o f(q* dqz’)’
€

where ¢ is a small number (e.g., le —4), and dg; € R*,dq, = (¢,0,0,v/1 — €2),dgy =
(0,6,0,v/1—€2),dgs = (0,0,¢,4/1 —€2) is a vector with all entries equal to zero,
except for the i’th entry, which equals one. Note this is different from a standard

w, and similarly for Fy, Fj.

linearization, which would instead compute F; =
To set the variances for the dynamics and the measurements, we ran the expectation-
maximization (EM) algorithm, which alternates between running a Kalman filter /smoother
and updating the variances. Although hand-tuning the variances had given us rea-
sonable state estimation performance, the learned parameters performed significantly
better, especially during high angular rate maneuvers. (See, e.g., Neal and Hinton,

1999 for more details on EM.)

8.4 Complete algorithm

Throughout this section, we will assume access to a reinforcement learning (or optimal
control) algorithm which can solve for the optimal policy when given a dynamics
model and a reward function. In Section 8.5 we will describe our reinforcement
learning algorithm, receding horizon differential dynamic programming.

Our experimental procedure proceeds as follows:

1. Collect 20 minutes of flight data (we log the state estimates and control inputs
over time) to build a crude dynamics model of the form described in Chapter 5.
Typically we ask our pilot to excite each of the control sticks, as this reduces

the amount of data collection required.
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2. Collect about 10 demonstrations of the desired maneuver or airshow from our
expert pilot. Typically about 5 of the demonstrations are reasonably high per-
formance, and we choose these and feed them (together with the crude dynamics
model from Step 1) into our trajectory learning algorithm described in Chap-
ter 7. This gives us: (i) A target trajectory, and (ii) a set of locally weighted
models, each of the form described in Chapter 5, which together provide a
high accuracy dynamics model for the state-space region around the intended

trajectory.

3. Choose a reward function that penalizes for deviation from the target trajectory.
As the target trajectory is a feasible trajectory, we found that there is a fairly
wide range of reward functions that works well. This was not the case before

we started using feasible trajectories as our targets.

4. Run differential dynamic programming to find a sequence of quadratic cost-
to-go functions for each time. The cost-to-go function for time ¢ intends to
capture the expected sum of costs accumulated from time ¢ until the end of the

trajectory when executing an optimal controller from then on.

5. Fly our helicopter autonomously: we run a receding horizon differential dynamic
programming controller, which uses the cost-to-go functions from the off-line

differential dynamic programming run.

6. If flight performance is satisfactory, we are done. Otherwise, incorporate the
data from the autonomous flight to learn an improved dynamics model (see
Chapters 3 and 7). Then go to Step 4.
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8.5 Optimal control: receding horizon differential

dynamic programming

8.5.1 Differential dynamic programming

The linear quadratic regulator (LQR) control problem is a special class of MDPs, for
which the optimal policy can be computed efficiently. In LQR the set of states is
given by S = R™, the set of actions/inputs is given by A = R?, and the dynamics
model is given by:

s(t+1) = A(t)s(t) + B(t)u(t) + w(t),

where for all ¢ = 0,..., H we have that A(t) € R™", B(t) € R"*? and w(t) is a zero
mean random variable (with finite variance). The reward for being in state s(¢) and

taking action/input wu(t) is given by:

—s(t) Q(t)s(t) — u(t) " R(t)u(t).

Here Q(t), R(t) are positive semi-definite matrices which parameterize the reward
function. It is well-known that the optimal policy for the LQR control problem is a
linear feedback controller which can be efficiently computed using dynamic program-
ming. Although the standard formulation presented above assumes the all-zeros state
is the most desirable state, the formalism is easily extended to the task of tracking
a desired trajectory s, ..., s};. The standard extension (which we use) expresses the
dynamics and reward function as a function of the error state e(t) = s(t) —s*(¢) rather
than the actual state s(t). (See, e.g., Anderson and Moore, 1989, for more details on
linear quadratic methods.)

Differential dynamic programming (DDP) approximately solves general continu-

ous state-space MDPs by iterating the following two steps:

1. Compute a linear approximation to the dynamics and a quadratic approxima-
tion to the reward function around the trajectory obtained when using the

current policy.

2. Compute the optimal policy for the LQR problem obtained in Step 1 and set



CHAPTER 8. AEROBATIC HELICOPTER FLIGHT 139

the current policy equal to the optimal policy for the LQR problem.

In our experiments, we have a quadratic reward function, thus the only approxi-
mation made in the first step is the linearization of the dynamics. To bootstrap the
process, we linearize around the target trajectory in the first iteration.

To get DDP to converge we started from a model in which the control is trivial (the
dynamics is modified such that helicopter automatically follows the target trajectory)
and then slowly changed the model to the actual model. In particular, we change the
model such that the next state is a times the target state plus 1 — « times the next
state according to the true model. By slowly varying « from 0.999 to zero throughout
DDP iterations, the linearizations obtained throughout are good approximations and

DDP converges to a good policy.?

8.5.2 DDP Design Choices

Error state. We use the following error state e = (& — (i°)*, ° — (%)%, 2°— (2°)*, 2 —
oy — 2 — 2500 — (W) b — (Wh)*, Wl — (wh)*, Ay). Here A, is the axis-angle
representation of the rotation that transforms the coordinate frame of the target ori-
entation into the coordinate frame of the actual state. This axis angle representation
results in the linearizations being more accurate approximations of the non-linear
model since the axis angle representation maps more directly to the angular rates
than naively differencing the quaternions or Euler angles.

Cost for change in inputs. Similar to frequency shaping for LQR controllers
(see, e.g., Anderson and Moore, 1989), we added a term to the reward function that
penalizes the change in inputs over consecutive time steps. In particular, this term
will penalize the controller for wildly changing its input from its input at the previous
time step.

Controller design in two phases. To allow aggressive maneuvering, while
penalizing for changes in inputs, we split our controller design into two phases. In

the first phase, we used DDP to find the open-loop input sequence that would be

2See, e.g., J. & P., 1998 for another example of homotopy/continuation methods applied in
reinforcement learning.
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optimal in the noise-free setting. (This can be seen as a planning phase and is similar
to designing a feedforward controller in classical control.) In the second phase, we
used DDP to design our actual flight controller, but we now redefine the inputs as
the deviation from the nominal open-loop input sequence. Penalizing for changes in
the new inputs penalizes only unplanned changes in the control inputs.

Integral control. Due to modeling error and wind, the controllers (so far de-
scribed) have non-zero steady-state error. Each controller generated by DDP is de-
signed using linearized dynamics. The orientation used for linearization greatly affects
the resulting linear model. As a consequence, the linear model becomes significantly
worse an approximation with increasing orientation error. This in turn results in the
control inputs being less suited for the current state, which in turn results in larger
orientation error, etc. To reduce the steady-state orientation errors—similar to the
I term in PID control—we augment the state vector with integral terms for the ori-
entation errors. More specifically, the state vector at time ¢ is augmented with an
additional three-dimensional vector S°/_1 0.99"""A (7). 3

Factors affecting control performance. Our simulator included process noise
(Gaussian noise on the accelerations as estimated when learning the model from
data), measurement noise (Gaussian noise on the measurements as estimated from
the Kalman filter residuals), as well as the Kalman filter and the low-pass filter,
which is designed to remove the high-frequency noise from the IMU measurements.*
Simulator tests showed that the low-pass filter’s latency and the noise in the state
estimates affect the performance of our controllers most. Process noise on the other

hand did not seem to affect performance very much.

8.5.3 Receding horizon DDP

As the dynamics of the helicopter is highly non-linear, differential dynamic program-

ming tends to result in good flight performance only when the linearizations used in

3When adding the integrated error in position to the cost we did not experience any benefits.
Even worse, when increasing its weight in the cost function, the resulting controllers were often
unstable.

4The high frequency noise on the IMU measurements is caused by the vibration of the helicopter.
This vibration is mostly caused by the blades spinning at 30Hz.
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the control design are a good approximation around the state the helicopter visits in
reality. In practice, various perturbations, such as wind and unmodeled aspects of
the dynamics, result in the helicopter deviating from the desired trajectory, which in
turn results in the linearizations used during DDP being inaccurate, which in turn
often results in quickly degrading performance.

To avoid depending on the off-line linearizations, we use receding horizon DDP, an
instantiation of model predictive control (MPC). First we run DDP as described in
the previous sections. During flight, rather than using the sequence of linear feedback
controllers, at every discrete time control step, we re-run DDP with the current state
as the starting state. This gives us the (locally) optimal controller from the current
state.

In practice, it is infeasible to re-run DDP for the entire trajectory. Hence, we
re-run DDP over a two-second horizon. As the cost incurred in the final state should
represent the expected cost-to-go over the remainder of the trajectory, we use the
quadratic cost-to-go function that we obtain from the off-line DDP run over the entire
trajectory. We control at 20Hz, which gives us limited computational time, even for
a two-second long trajectory. To ensure DDP finishes timely, we only run three
iterations. When running DDP from scratch, three iterations is typically insufficient.
Instead, we use the solution from the previous time-step as the starting point. If at
some point DDP does not converge within three iterations, we use the off-line DDP
controller as a fall-back. Then, on the next iteration, we restart the receding horizon
DDP from scratch using oo = {0.99,0.5,0}.

8.6 Autonomous flight results

Our algorithm (described in Section 8.4) enabled our helicopter to fly a variety of
challenging aerobatic maneuvers which have not been flown by any other autonomous
helicopter to-date, including in-place flips, in-place rolls, tic-tocs, and complete aer-
obatic airshows which consist of a rapid sequence of several aerobatic maneuvers.

For example, our “airshow 1”7 consists of the following maneuvers in rapid sequence:
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split-S, snap roll, stall-turn, loop, loop with pirouette, stall-turn with pirouette, “hur-
ricane” (fast backward funnel), knife-edge, flips and rolls, tic-toc and inverted hover.
Our “airshow 2” consists of the following maneuvers in rapid sequence: pirouetting
stall-turn, immelmann, split-S, slapper, tic-toc, stationary rolls, hurricane, sideways
flip, forward inverted funnel, sideways tic-toc, stationary flips, traveling flips, inverted
tail-slide, and inverted hover.

The trajectory-specific local model learning typically captures the dynamics well
enough to fly all the aforementioned maneuvers reliably. Since our computer con-
troller flies the trajectory very consistently, however, this allows us to repeatedly
acquire data from the same vicinity of the target trajectory on the real helicopter.
We incorporate this flight data into our model learning, allowing us to improve flight
accuracy even further. For example, during the first autonomous execution of airshow
1 our controller achieves an RMS position error of 3.29 meters, and this procedure
improved performance to 1.75 meters RMS position error.

Figures 8.3, 8.4, 8.5, 8.6, 8.7 illustrate our flight performance in detail. For each
of the flight tasks: rolls, flips, tictoc, airshow 1, airshow 2. We plotted three of
the pilot demonstrations (thin lines in blue), the target trajectory (thicker, dashed
line in black), and a representative actually flown trajectory (thicker, dotted line in
green). Inspecting the plots, we see that our autonomous flights closely track the
target trajectory—typically more consistently than the expert. In fact, our expert
agreed that our autonomous controller attained better flight performance than he
could in his demonstrations.

Figure 8.8 shows a few snapshots of our Synergy N9 during autonomous aerobatics.

Videos of our autonomous flights (illustrating all the maneuvers) are available at

the following url:

http://heli.stanford.edu.

8.6.1 Comparison with our earlier work

In earlier work, we did not follow the algorithm specified in Section 8.4, rather we used

(i) a hand-specified target trajectory, and (ii) a single non-linear model (of the same



CHAPTER 8. AEROBATIC HELICOPTER FLIGHT 143

form), rather than locally weighted non-linear models. With this earlier approach, we
managed to have our helicopter fly expert-level funnels, and nowvice-level stationary
flips and rolls. While the flips and rolls were reliable using this earlier approach,
they performed significantly less well then our expert and our current algorithm’s
controllers.

Figure 8.9 shows a quantitative comparison between our current algorithm and
our earlier work. Figure 8.9 (a) shows the Y-Z position® and the collective (thrust)
control inputs for the in-place rolls for both their controller and ours. Our controller
achieves (i) better position performance (standard deviation of approximately 2.3
meters in the Y-Z plane, compared to about 4.6 meters and (ii) lower overall collective
control values (which roughly represents the amount of energy being used to fly the
maneuver). Similarly, Figure 8.9 (b) shows the X-Z position and the collective control
inputs for the in-place flips for both controllers. Like for the rolls, we see that our
current controller significantly outperforms that of our earlier work (Abbeel et al.,
2007), both in position accuracy and in control energy expended.

When using this earlier approach, it was very challenging to specify the desired
trajectory by hand. In fact, we partially succeeded (to some extent) for flips and rolls,
we tried extensively to use the hand-coded approach for the tic-toc maneuver without
any success. During the (tail-down) tic-toc maneuver the helicopter pitches quickly
backward and forward in-place with the tail pointed toward the ground (resembling an
inverted clock pendulum). The complex relationship between pitch angle, horizontal
motion, vertical motion, and thrust makes it extremely difficult to create a feasible
tic-toc trajectory by hand. Our attempts to use such a hand-coded trajectory failed
repeatedly. By contrast, our current algorithm readily yields an excellent feasible

trajectory that was successfully flown on the first attempt.

8.7 Discussion

We described the application of the apprenticeship learning methods presented in
preceding chapters to the problem of autonomous helicopter flight. They have enabled

5These are the position coordinates projected into a plane orthogonal to the axis of rotation.
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us to significantly extend the state of the art in autonomous helicopter aerobatics. In
fact, our helicopter is the first capable of flying a very wide range of highly challenging

aerobatics at the same level as human expert pilots.
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Figure 8.3: Rolls. Thick, dotted, green line: autonomous flight. Thick, dashed, black line: target
trajectory. Thin, blue lines: three of the expert pilot’s demonstrations. (Best viewed in color. See
text for details.)
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Figure 8.4: Flips. Thick, dotted, green line: autonomous flight. Thick, dashed, black line: target

trajectory. Thin, blue lines: three of the expert pilot’s demonstrations. (Best viewed in color. See
text for details.)
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Figure 8.5: Tictocs. Thick, dotted, green line: autonomous flight. Thick, dashed, black line: target
trajectory. Thin, blue lines: three of the expert pilot’s demonstrations. (Best viewed in color. See

text for details.)
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Figure 8.6: Airshow 1. Thick, dotted, green line: autonomous flight. Thick, dashed, black line:

target trajectory. Thin, blue lines: three of the expert pilot’s demonstrations. (Best viewed in color.
See text for details.)
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Figure 8.7: Airshow 2. Thick, dotted, green line: autonomous flight. Thick, dashed, black line:
target trajectory. Thin, blue lines: three of the expert pilot’s demonstrations. (Best viewed in color.
See text for details.)
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Figure 8.8: Snapshots of our Synergy N9 during autonomous aerobatics. Right column is (digitally)
zoomed in on helicopter in corresponding picture in left column.
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Figure 8.9: A comparison of autonomous flight results obtained with our algorithm described in
Section 8.4 and our earlier work, which is the prior state of the art (Abbeel et al. 2007), which uses
hand-specified target trajectories, and a single non-linear model. The figure compares (a) position
during flips, (b) collective control input during flips, (c¢) position during rolls, and (d) collective
control input during rolls. Red dash-dotted: our prior work; green dashed: algorithm presented in
this chapter. (See text for details.)



Chapter 9
Conclusion

Some of the key challenges we encounter when applying traditional control and model-
based reinforcement learning are: (i) We need to articulate the control task in a form
that is amenable to control algorithms. (ii) We need to specify a dynamics model for
the system. (iii) Even when these two issues are resolved, it can be computationally
expensive to find good closed-loop controllers.

In this dissertation we described efficient algorithms that address each of these
three issues in the apprenticeship learning setting—when we have access to expert
demonstrations of the task at hand. Our apprenticeship learning algorithms leverage
expert demonstrations to (i) Learn a description of the control task either in the
form of a reward function that trades off between a (possibly large) set of known
features, or in the form of an intended trajectory. (ii) Learn a dynamics model
without requiring explicit exploration. We have also presented RL/optimal control
algorithms that resolve (iii) in a variety of settings. Our apprenticeship learning
algorithms are guaranteed to return a control policy that performs comparably to the
expert.

We have not only provided theoretical guarantees, but have also shown how these
algorithms have enabled us to solve some very challenging, previously unsolved control
tasks. They have enabled a quadruped robot to traverse challenging, previously
unseen terrain. They have significantly extended the state-of-the-art in autonomous

helicopter flight. Our helicopter has performed by far the most challenging aerobatic
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maneuvers performed by any autonomous helicopter to date, including maneuvers
such as continuous in-place flips, rolls and tic-tocs, which only exceptional expert
human pilots can fly. Our aerobatic flight performance is comparable to that of the

best human pilots.



Appendix A

Proofs for Chapter 2

First we present a “greedy point approximation algorithm” and provide convergence
guarantees. We show the relationship with our apprenticeship learning algorithms

and then provide theoretical guarantees for our apprenticeship learning algorithms.

A.1 A greedy point approximation algorithm

In this section we present an algorithm that greedily approximates a point by a
convex combination of points generated throughout the iterations of the algorithm.
The points generated throughout the iterations of the algorithm cannot be arbitrarily
chosen (as then merely choosing the target point would already solve the problem).
Instead, one is restricted to choosing points by picking a weight vector w, and having
a (possibly black-box) function return a point that is relatively far in the direction
w. The perfect black-box function would return the point furthest in the direction w
while still within the domain of feasible points.

Our apprenticeship learning algorithms are a special version of the presented
greedy point approximation algorithm—in that, they use a reinforcement learning
algorithm as the black-box function that generates a new point in each iteration.

Input:

o r* € R",

154
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e p>0,e>0.

e a function f: R" — R" which takes in a direction vector w € R™ and returns a

point z = f(w) € R™ which satisfies:

i.e., the returned point x is as far into the direction w as x* up to some accuracy
p-

The desired output from the greedy point approximation algorithm is a sequence
of weight vectors {w®}; and corresponding points {z(V}; such that a convex combi-
nation Z of the points {#(}; satisfies: ||2* — Z||, < p +e.

The greedy point approximation algorithm operates as follows:

1. Set w©® to some random vector, compute z(® = f(w®), set 70 = 20 set

1=0.
2. Set wl*) = z* — 70,
3. Compute z(+D = f(w( D).
4. Find 20+ as follows:
(a) Max-margin version.

2

*

min,,; [|z* — zf;
st. x=Xp
lTp =
p > 0.

Here X = [x(o)x(l) .. .x(i)]. Set 20t = ¢,
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(b) Projection version.

— =l3

st. o= x4 (1 - 1)z

min, , ||z*

0< A< 1.
Set 0+ = .
The same point 201 can also be found by first computing:

(20D — 7@ (D) _ 50

||x('i+1) _ j:(z)HQ Hx(1+1) _ j:(z)”Q

z =34 (2 — 7T

Then set z0+t1) = x if 2 lies in the convex hull of Z" and z+V), otherwise

set 20 = argmin,c g4 oy |27 — 2|2

5. If ||z* — 2+, < p+e the algorithm converged and we return {z®,i =0,1,...}
and {w®,i =0,1,...}, otherwise set i = i + 1 and continue with Step 2.

Lemma 13. Assume a fixred p > 0, ¢ > 0, x* € R". Assume a function f : R" —
R™ is given such that the point x = f(w) is “reasonably” far in the direction w as

measured relative to the target point, in that:

T_W S T YW
w2 [wll2

T

- P (AQ)

Let M = maxy, wyern || f(w1) — f(ws)||2. Then the greedy point approximation algo-

rithm will have converged after at most % — 1 dterations. When converged,
pte

it will have found a set of points {x® 2™ ..} such that a convex combination T of

these points satisfies ||z* — Tlls < p+ €.
Proof. The proof proceeds in three phases. First we show that the point

(@) — 30)) (6D _ )

||.T(i+1) _ a—;(i)H2 ||x(i+1) _ j(i)HQ ’

—(i+1) _ =(i) 14 x _ =(\T
T =z 4+ (l— —-—)(2"— =T
( ||x* — x(z)||2) )

(A.3)
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lies in the convex hull of z® and z(+1). Hence, it is a feasible point for the optimiza-
tion problems of both the max-margin version and the projection version. Then we
characterize the progress made in one iteration when using this point 0V, which in
turn implies progress made in one iteration for both the max-margin and projection
version of the algorithm. Finally, we show how the per-iteration-progress implies the
convergence stated in the lemma.

The point 20+ as defined in Eqn. (A.3) lies in the convex hull of z(+Y) and
z®: we have directly from Eqn. (A.3) that z0+D = Xz@F) 4 (1 — \)z®, for X =

_ p *_ =(N\T (xC+1) _z()) 1 . * _ = (4)
(1 ||x*,¢<i)||2)($ ") D205 [20FD 20, Ve have A > 0 since [|2* =z |2 = p

and (z* — 2)T (20D — z®) > 0 as long as the algorithm has not converged. We

also have A < 1, since we have, after re-arranging terms:

Jz* = 20l = p (26D = 37 (2" — 3)

A . | | :
[l = 2Oy [ — 2Oz — 2O
lz* = 2D]l2 — p
I Eaci) P
< L

Here we used Cauchy-Schwartz for the first step, and the second step is directly
implied by Eqn. (A.2) for w = 2tz o g = D)

ER=el

Now we will characterize progress in a single iteration. Using the definition of

0+ of Eqn. (A.3) and simplification we obtain:

* _ (i i =(i)\) 2
||x*_j(i+1)||2 _ ||x*_j(i)||2_ (1_ p2 ((1' _aj())T(x( +1) —$())) (A 4)
’ ’ [l — 203 [+ — 203 '
Using w = 2* — 2, Eqn. (A.2) becomes:
i —(i (z* —7) * (i

lz* = 2D)]

Combining Eqn. (A.5), Eqn. (A.4) and p > ||2* — 2@ ||, before convergence, we
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obtain:

* 7’L’ 2 * 71' 2
|z — 20|12 < ||lz* — 2D |2 — (1 - P’ | )(||93 —x()j|2—p||g; — 1))
2 X 2 ||x* _ :E(Z)H% ||I(H‘1) _ j(l)”%

Dividing both sides by ||z* — 2 ||2 we obtain:

lz* — 20+ V|3
lo* =23~
P’ (lz* = 2D l2 — p)?

1—(1-— . . - =
U o o)) e =23

. . 2 .
|+D — 2|2 — (1 - Hx*fw)(\\x* — 2|y — p)?

2

2D — 203 — (1~ e[l — 202 — )2 + (1 — o) (2 — 20| — )2

As long as the algorithm has not converged, we have that ||z* — z0*Y|| > 0, and

2% — 29|y > 0, hence Uz"=2Vla=p)? " 2003
)

—_ — and thus we have:
(le*—z@D|2—p)2 = [la*—z|3 °

(lz* = 20+ ]s — p)?
(fla* = 2@ ]2 = p)?

. . 2 .
[|+D — z@)2 — (1 - Hz*fw)(“x* — 2|y — p)?

2

a0 = 203 — (1~ )l — 202 — ) + (1 — o) (2 — 20 — )2

As all terms are positive, we can rewrite this in the following form:

1
(o = 20Dy — p)2 =
2
1 N ~ =)
((Nlz* =202 = p)?) |2+ — 7|3 — (1 - m)(llw* — 20|y — p)2’

—~
—_

Taking into account that all points returned by f have their 2-norm bounded by M,
we obtain:

1 1 1 - ko
* 7(i+1) 2 2 * 7 (%) 2 + 2 :
|z* — 20D — pl|3 — ([[z* — 2Oy — p) M

Finally, until convergence, we have that ||z* — |y > p + ¢, and hence we have the
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following improvement in a single iteration of the algorithm:

2

! > ! - L~ Gi (A.6)
[ A Fa 0l Py LA TER |
Expanding Eqn. (A.6) gives us
2
1 L~ Gioe
A > (i +2)———2""
(e — 7w, — 2 = 22

Hence, for ||z* — Z0FV||; < p + € to hold, it suffices to run the algorithm for

-1

(1= (%))

1terations.

To complete the proof, it remains to show that z(¥ is a convex combination of

AN AL @, Through induction, it is sufficient to show the following: as long

i+1)

as the greedy point approximation algorithm has not converged, the point z lies
in the convex hull of the points ¥ and z*Y. This is easily seen to hold true by
construction: the points Z(*1) are constrained to be such a convex combination, both

in the max-margin and in the projection version. ([l

A.2 Proof of Theorem 1

Proof. We first establish that the number of Monte Carlo samples of the expert is
sufficient to guarantee that with probability 1 —§ we have that ||z — pupll2 < §.
Recall ¢ € [0,1]* so p € [0, ﬁ]k Let p; denote the i'th component of . Then
applying the Hoeffding inequality on the m-sample estimate (1 —~y)j; of (1 —~)u; €
0, 1] gives
P((1 =7)|pi = ful > 7) < 2exp(=27°m). (A7)
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Using Eq. (A.7) for all ¢ and the union bound gives
P(Fie{l...k}.(1 — )| — fis] > 7) < 2k exp(—27°m),
which can be rewritten as
P((1=9)llpe = fiplle < 7) 2 1 — 2k exp(—277m).
Substituting 7 = (1 — 7)e/(4VE) gives

Pl = el < o) 2 1 - 2kexp(-2 L),

where £ is the dimension of the feature vectors ¢ and feature expectations p, and m

is the number of sample trajectories used for the estimate fip. So if we take m >

ﬁ log 2 then with probability at least (1 — ) we have that ||ug — fip|le < OV

Using || - |2 < Vk|| - ||so for k-dimensional spaces, we get

4k 2k

=) log 5 (A.8)

. €
e — fell < 1 VP 1 —06 for m >
Now we can apply Lemma 13, which gives us that the algorithms will converge to

within i after at most

" < 48k
(=)
iterations. Here we used p = 5, as the MDP solver is { accurate, and the Monte Carlo
estimate of the expert’s feature counts (our target point for the point approximation)
might be outside the feasible set of feature expectations by at most §. We also used
that the maximum distance between two feature expectation vectors equals %—
corresponding to M in the lemma.
At convergence, we have that we found a policy such that the corresponding

feature expectations p satisfy:
€

5

I~ sl < 35
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as the greedy point approximation converges within /4, and uses an oracle that is

p = €/2 accurate. As a result we have:
1= pel2 < e (A.9)
This in turn implies that:
T > 0 g — el

As we have ||w*||z < [[w*[|; < 1, this implies the statement of the theorem.

O

Note that in case the underlying reward function R* does not lie exactly in the
span of basis functions, we have graceful degradation of performance. Let R*(s) =
w*T¢(s) + f(s), then it is easy to see from Eqn. (A.9) in the proof above, that
performance degradation is bounded by %

It has come to our attention that our proof has some similarities with the proof
in Jones (1992), which also considers convergence rates of a greedy approximation

algorithm.



Appendix B

Proofs for Chapter 3

B.1 Some properties of the variational distance

In this section we state some known results involving the variational distance be-
tween probability distributions. (We include proofs to keep the paper self-contained.)
We prove (and sometimes state) the propositions for probability distributions over a
discrete domain only. The proofs (and statements) for continuous domains are very

similar.

Proposition 14. Let (), Q* be probability distributions over a domain X, let f be a

bounded random variable over X. Then

|Eof = Eo-f1 < (sup f(z) = inf, f(2))dwur(Q, Q7).

162
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Proof. Let ¢ = inf ey f(x). Then we have

Eqf — Eq-f
= Eo(f—c¢)—Eg-(f—c¢)
=Y (@) - 9Q) - @ @)

2:Q(2)>Q* (x)
+ > (fl@) = (@) - Q(2))
5:Q(x) <Q* ()
< Y (f@) = )(Qx) - Q(2))
:Q(x)>Q* ()
< sup(f(z)—c) Y. (Q) - Q'(x))
ved 2:Q(z)>Q* (x)
= (ilelgf(x) — inf f(2))dvar(@, Q7). (B.1)

Here we used in order: adding and subtracting c; splitting the summation into pos-
itive and negative terms; dropping the negative terms from the summation; f(x) is
bounded by sup,cy f(2); definition of dy,,' and ¢. The same argument with roles of

@ and @Q* interchanged gives us:

Eof = Eqrf < (sup f(z) = inf f(2))dur(Q. Q). (B.2)
xz€ x
Eqn. (B.1) and (B.2) combined prove the proposition. O

Proposition 15. Let Qo(+) and Qi(+) be probability distributions over a domain X.
Let Vx € X P(-|x) be a probability distribution over X. Let

Qi(-) = Y P(-]0)Qo(xo)

ToEX

and let

Qi) = Y Pllwo)Q5(xo),

ToEX

Let P(),Q(-) be two probability distributions over a set X, then in the main body we defined
the variational distance dy, (P, Q) as follows: dy., (P, Q) = % e |P(z) — Q(z)|. Tt is well known

the following definition is equivalent: dy., (P, Q) = fmex:P(w)x)(x) |P(z) — Q(x)|.
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then
dyar(Q1(:), Q1(+)) < dyar(Qo(+), Q5(+))-

Proof. We have

dvar (Q1 (1), Q7(1))
% Z ‘ Z (x1]|20)Qo(z0) — (%\%)QS@O)‘

rg€EX

- %Z\ >~ Planleo)(Qolwo) — Qia0))

T1EX xo: Q0($O)>Q0(I0)

+ Y Plarlu)(@olwo) — Qo))

20:Qo(z0)<Qg (o)

% Z ( Z P(x1]|20)(Qo(z0) — Qp(70))

T1E€EX  20:Qo(z0)>Q}(z0)

Y Plaleo)(~Qolw) + Q5(0)))
20:Qo(w0) <Qf (o)
1

IA

(Qo(zo) — Qp(x0))

M

20:Qo(x0)>Qf(x0)

% ST (~Qolwo) + Qilao))
20:Q(20)<Q¢(x0)

= dyar(Qo(-), 5(+))-

Here we used in order: the definition of d,,,; splitting the summation into two summa-
tions; triangle inequality (all terms are now positive); switching order of summation;
the definition of d,;. O

Proposition 16. Let Qo(-) and Qi(-) be probability distributions over a domain X.
Let Vx € X P*(:|z) and P(:|z) be probability distributions over X. Let Qi(-) =

> woex PU120)Qo(wo) and let Q1 (1) = Y-, ca P (-|20)Q5(20), then

dvar(Ql(')v QT()) < dvar(QO(')7 QS())

+§1€15 dvar<P(‘x)7 P*(‘.’L'))
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Proof. Let Q1(-) = >, cx P(-|0)Q (o). Due to triangle inequality we have

var(Ql( ) Q ( )) < dvar(Ql( ) Ql()) + dvar(@l(')a QT()) (B3>

For the first term Proposition 15 gives us

dvar(Ql(’)?Ql(')) S dvar(QO(')?QS('))' (B4>

For the second term we have

dvar(Q1(), Q3())
1
2

Z ‘ Z P(x1]|20)Q5(xo)

TgEX

= > P (1]20) Q5 (o)

< 5 S PGk - Pl Qo)

r1EX ,xgEX

= > duar(P(-]z0), P*(-]0)) Q5 (o)
< sup dyar(P(:|zo), P*(-|z0))- (B.5)

roEX

Combining Eqn. (B.3), (B.4) and (B.5) gives us the statement of the proposition. O

B.2 Proofs for Section 3.2

B.2.1 Proof of Lemma 2

We first prove the following lemma.

Lemma 17. Let an MDP M = (S, A,T,H, D, R) be given. Let another MDP M=
(S, A, T, H, D, R) —which only differs from M in its transition probabilities — be given.
Let any € > 0 be given. If T = {P(-|s,a)}sq satisfies

Vse S acA du(P(|s,a), P(-|s,a)) <e,
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then we have for any policy m mapping from S to (probability distributions over) A
that
\Uni(m) — Uy (7)] < H?€Rppay.-

Proof. With some abuse of notation, let P, and f’t denote the distributions over states
at time ¢ induced by the policy 7, the initial state distribution D and the transition
probabilities T" and T respectively. Then from using Prop. 16 inductively we have for
all t € 0: H that

~

dvar(-Pt<')7Pt<'>) < te. (B6)
So we get that
[Uni(m) = Uy ()| = ‘ D En[R(s)] = Y Ep[R(sy)]

- ‘ Z Ep[R(s))] — Ep,[R(s:)]

<3 ‘EptR(st) — Ep, R(sy)

t=0

H
Z dvar(Pta Pt)Rmax
t=0

H
< Z te Rimax
t=0

< H?eRpax.

IN

Where we used in order the definition of U; reordering terms; standard inequality for

the absolute value of a sum; Prop. 14; Eqn. (B.6); simple algebra. U

Proof of Lemma 2. Consider the auxiliary MDP M) = (S, A, 7MW H, D, R), where
PW(.|s,a) = P(-|s,a) if (s,a) € SA, and PW(-|s,a) = P(-|s,a) otherwise. Then we
have Vs € S;a € A dvar(fD(-|s7 a), PW(-|s,a)) < e. Using Lemma 17 gives us that

Uyt () = Upgn ()| < H?€Ripae. (B.7)
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Also, using condition (ii) of Lemma 2 and the definitions of M, M) we trivially get
|Uproy () — Upg(7)| < nH Rppax- (B.8)

Combining Eqn. (B.7) and Eqn. (B.8) using the triangle inequality gives the statement

of the lemma. O

B.2.2 Proof of Lemma 3

We prove the following slightly stronger lemma, of which the statement in Lemma 3

is a subset.

Lemma 18. Let any § > 0 and a > 0 be given. Let {X;}™, be IID Bernoulli(¢)

random variables. Then for

P(Zm: Xi > a) (B.9)

to hold with probability 1 — 0 it suffices that

1 1 1
> — log - log=)2—a?|. B.1
m_¢<a+og5+\/(a—l—og5) a) (B.10)

We can relax the condition above to get the following less tight, but simpler sufficient
condition on m:

2 1
> — log —).
m_¢(a+ ogé)

If a > 2 and log% > 2 we have that the following is a sufficient condition on m
2 1
m > —alog 5

Proof. We start from the multiplicative 1-sided Chernoff bound for a Bernoulli dis-
tribution, with expectation ¢. Let € > 0 then

—me?

P(Z X; < m(¢—e\/)) < exp( ). (B.11)
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Now let a = m(¢ — ey/¢), which implies € = 7:1‘15—\;5 Substituting this into Eqn. (B.11)

gives

P(ZXi<a) < exp(?(ﬂ;f—_;)%
_ exp(%l(m\fm;;y). (B.12)

Note for Eqn. (B.11) to be valid, we needed € > 0. So Eqn. (B.12) is only valid if
meo —a > 0. (B.13)

So for P(3°7", X; < a) <4 to hold, it is sufficient that Eqn. (B.13) holds and that

exp( (=) < 6

By taking log on both sides, and multiplying with —2 we get the equivalent condition

Algebraic manipulation gives the equivalent condition
2 12 1 2
m-¢ —2(a+logg)mgz§+a > 0. (B.14)

Eqn. (B.14) is satisfied if

meo € (—oo,a#—log%—\/(a+log%)2—a2}

U [a—l—log%—i—\/(a+log%)2—a2,oo).

Now recall that the Chernoff bound was only meaningful for € > 0, which corresponds
to the condition given by Eqn. (B.13). So we get that for P(3°", X; < a) < 4§ to
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hold it suffices that

1 1
m¢2a+log5+\/(a+log5)2—a2.

B.3 Proofs for Section 3.6

B.3.1 Proof of Lemma 5

We first prove the following lemma.

Lemma 19. Let any €,§ > 0 be given. Let X; ~ Bernoulli(¢) be IID random vari-
ables. Let qgn be the estimate for ¢ after n observations. I.e., we have ngSn = %Zle X;.

Then for

max,> ¢ — du| < ¢

to hold with probability 1 — ¢, it suffices that

1 2
N > —log(—).
~ 2 Og(ée)

Proof.

P<maxn2N‘¢_¢gn‘ > E) = P(U {’(b_(%n’ > 6})

n>N

ZP<‘¢_$TL|>€)

n>N

Z 26—25271

n>N

2(6—262>N

1 —e2¢

IN

IN

Hence, in order to guarantee that P(max,sx|é — ¢n| > €) < 6, it is sufficient for
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N to satisfy

—2e2\N

20 <

1 e—2€ -

<€7252)N < 5(1 N 67262>/2

log((e>*)Y) < log(d(1 —e>)/2)
(=22 )N < logé + log(l — e ) — log 2
1 2
> 22(—10g5 log(1 —e™*7) +log?2)
1 1

> —(log = + log(———=5) + log2).

Now using the fact that for any = : —{ < z < 0 we have that exp(z) < 1 — |?(1 —
exp(—¢)), and more specifically, for any =z : —2 < = < 0 we have that exp(z) <
1-— %(1 —exp(—2)) < 1— |z|/4. Thus for € € (0,1) it is sufficient to have

11 1
N > —(log=+1
=z gallos g Hloe =54

1 1 2
> 53 (10g5+10g + log 2)
11 2
—lo
2 85

+log 2)

>

In case € ¢ (0, 1), more specifically when € > 1, the lemma holds with probability one

independent of the number of samples. ([l

Proof of Lemma 5. Let the multinomial distribution P be parameterized by the k
parameters (¢, .- ¢®). Let P, be parameterized by (¢r, (1) - A,(lk)) which are the
respective n-sample estimates for all parameters ¢). Then from Lemma 19 and the

union bound we have that for

Viel:k max,sy|o®? — o] <€
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to hold with probability 1 — kd’, it suffices that
2
N > —log(—). (B.15)
€ €

Now we use the fact that
L
Ay (P ﬁn - = @) _ A0
(PP = 52160 )

We get that condition (B.15) is sufficient to ensure that

~

maXnZNdvar<P7 Pn) S ‘5/

[NY =

holds with probability at least 1 — kd¢’. Choosing € = %e’ and 0 = k¢’ proves the

lemma. O

B.3.2 Proof of Lemma 6

We first show that state-action pairs that are visited with probability sufficiently
bounded away from zero under a policy 7 will be accurately modeled after observing

sufficient trials under that policy .

Lemma 20. Let an MDP (S, A, T, H, D, R) be given. Let 7 be a policy for this MDP.
Let any €,0,& > 0 be given. Let {Pn(-|s,a)}s,a be the maximum likelihood transition
probability estimates based upon observing the policy w for n trials of duration H. Let
SAe €S x A be the set of state-action pairs such that the probability of seeing any
specific state-action pair (s,a) € SA¢ under the policy m in a single trial of duration
H is at least &. Then for

VYn > N, V(s,a) € SAc, dyar(P (|5, a), Py(-|s,a)) < €

to hold with probability 1 — 9, it suffices that

ISP 1o, 2ASEIAL |y 218]1A

2
N > - .
_5(462 Oe ) )
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Proof. Let Py(-|s,a) denote the transition probability estimate after observing the

state-action pair (s,a) k times. From Lemma 5, for
Vk > K, dy(P(:]s,a), P(-|s,a)) < ¢

to hold with probability 1 — ¢, it suffices that

[SI*, ISP

K > —log —.
— 4¢? 8 Oe

Now for (s,a) € SAs we combine this result with Lemma 3. This gives that for
VYn > N de(P(:|5,a), P,(-]s,a)) < e (B.16)

to hold with probability 1 — 6" — 0”, it is sufficient to have

2 2
2P 1 1

€2 O'e

N >

1
+ log y) (B.17)

Taking a union bound over all state-action pairs (s,a) € SA¢ (note |SA¢| < |S||A])
gives that for Eqn. (B.16) to hold for all (s,a) € SA¢ with probability 1 — |S||.A]d" —
|S]|.A]0”, it suffices that Eqn. (B.17) is satisfied. Choosing §' = ¢ = m gives the

lemma. O

The above lemma tells us only a polynomial number of sample trajectories under
the teacher’s policy are necessary, to guarantee that the state-action pairs frequently
visited under the teacher’s policy are accurate in all models {M®};,. Now we use
the Simulation Lemma to translate this into accurate evaluation of the utility of the
teacher’s policy in the models {M®},.

Lemma 6 (restated). Let any «,d > 0 be given. Assume we use the algorithm as
described in Section 3.4. Let Ny satisfy the following condition

2
Nr log |

max lo

) o da

32|S||A|H Ryax S||A|  64|S|?H*R? 32H?Ryax| S| A
= Q ( + 2 & )’

or simplified and less tight (Notice that if «/8 > H Ry, the statement is trivially
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true with probability 1. So we can simplify using the fact that /8 < HRyax-)

_ 4096|SP*|A| H° RS 32H2 Ry | P A

NT max log 5

a3

Then with probability 1 — ¢ we have that

Vi Uy (mr) — Un(mr)| < /8.

Proof. Let
1 a/8
T 2H Ry
and let
1 «af/8
n=s :
2 H Ryax

173

From the Simulation Lemma we have that if there exists a set of state-action pairs

SA, C S x A such that the following holds

(i) ¥(s,a) € SA,, dw(P(|s,a), P(-|s,a)) <,
(ii) P({(st,ae)}Lo € SAylmr, M) > 1 —1n.

Then we have

|UM(7TT) - UM(WT” < H2€Rmax + nHRmax = =

Where the last inequality follows from our choice of ¢ and 1 above. Now choose
SA, ={(s,a) € S x A:P((s,a) is visited in a trial of length Hunder 77) > m},

then SA, satisfies condition (ii). So it remains to show that condition (i) is satisfied.

From Lemma 20 we have that for all (s,a) € SA, for

dyar(P(:|3,0), Py(s,a)) < €
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to hold with probability 1 — ¢ it suffices that

2|SIIA|(|S|210g2IS|3|«4I N

N >
- 42 oe

).

g 25114

Filling in the choices of € and 7 into this condition gives the sufficient condition on

Nt as stated in this lemma. O

B.3.3 Proof of Lemma 7

We now give a formal proof of Lemma 7.

Proof of Lemma 7. From Lemma 6 we have that for Eqn. (3.12) to hold with proba-
bility 1 — ¢’ it suffices that

4096|S)?|A|H® R 32H? Ryax|S|?
N, 5 409615114 ISPl

max | oo o (B.18)

a3

Eqn. (3.14) is trivially true when o > 16H Ryax. If @ < 16H Ryax, the Hoeffding
inequality gives us that for Eqn. (3.14) to hold with probability at least 1 — ¢, it is
(more than) sufficient that Ny satisfies Eqn. (B.18).

The Hoeffding inequality also gives us that for Eqn. (3.13) to hold with probability
1 — N§” it suffices that 212 2

16 2 2

Now since the algorithm only exits in iteration N, we must have foralli=1: N —1
that

A

Upe (7D < Ups(mr) — /2. (B.20)

Combining Eqn. (B.20), (3.12), (3.13) and (3.14) and the fact that 7() is o/8-optimal
for M@ we get

Vi (1<i<N—1) Upye(n?) > Uy(n?) +a/s. (B.21)

So far we have shown that for Eqn. (3.12), (3.13), (3.14) and (B.21) to hold with
probability 1 — 20" — N¢”, it suffices that Eqn. (B.18) and Eqn. (B.19) are satisfied.
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1_«a/8
2 H?Rmax

we get from Eqn. (B.21) that the policy (¥ must be visiting a state-action pair (s, a)
that satisfies

Now using the contrapositive of the Simulation Lemma and choosing € =

S
16 H? Rinax

in every trial of horizon H.

dvar(P(-|5,a), PP (|5, q)) (B.22)

with probability at least {577—

[High-level proof intuition. Eqn. (B.21) states that the models M® are inaccurate;
they overestimate the utility of the policies {ﬂ(i)}i:L ~N_1. We used the contrapositive
of the Simulation Lemma to show this implies that an “inaccurately” modeled state-
action pair must be visited with probability j577%— by such a policy 7. This means
that data collected under such a policy will improve the model. It remains to show
that this can only happen a limited number of times until the model has become a
good model.]

Let Py(-|s,a) be the estimate of P(-|s,a) based upon k observations of the state-

action pair (s,a). From Lemma 5 we have that for any state-action pair (s,a) for

«

vk > K, dvar(P('|S7a)7Pk('|S’a)) < 16H2—Rmax

to hold with probability 1 — ¢§”, it suffices that

16°H*R?__|S|> . 16H?Rp.|S|?
K2 Aoy2 10g ad” ’

The above equation bounds the number of times a state-action pair can be visited until
it is “accurately” modeled with probability 1 — 6"”. So with probability 1 — |[S||.A[6"
one can encounter state-action pairs (s, a) that—at the moment of encounter—satisfy

Eqn. (B.22) (i.e., that are inaccurately modeled) at most

162H*R2 |52 . 16H%Rpax|S|?
4042 log 045/”

|S]|Al (B.23)

times. Since (from above) such a state-action pair is encountered with probability at

least in each iteration of the algorithm before it exits, Lemma 3 gives that

@
16 H Riax
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w.p. 1 — 0" after a number of iterations

32H Rypax 1
Nubound - ( 10g W
162H*R2 |52 . 16H%Rpya|S|?
FISIIA| = e log =) (B.24)

such a state-action pair has been encountered as many times as stated in Eqn. (B.23).

S0 Nubound is an upperbound on the number of iterations of the algorithm with prob-

ability 1 — 20" — N§" — |S||A|6" — 6. Choose &', 8", 5", 5" such that
1
26" = Nubounad" = |S||AIS" = 6" = 76. (B.25)

Substituting these choices into Eqn. (B.24), Eqn. (B.19) and Eqn. (B.18) gives us
Eqn. (3.8), Eqn. (3.9) and Eqn. (3.10). O

B.4 Proofs for Section 3.7.1

Proof of Proposition 8. W.l.o.g. assume a coordinate system x;., such that

Vi€2:in, () = (p2)i =0,

and

(1)1 < (p2)1-

Also, let @ = (p1); and b = (uz);. Let

flzip) = ;exp (M) ‘

(2m)2on 202
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Then we have that

dvar ,ula N2a ))

r1=-+00

= /mf”/xl—oo (@ ) = (25 p2) |y

2:n 1,11 —;oo
/ $2n/ f (@5 pa) — f(x;ﬂl))d%
T2 z1=(a+Db) /2

d(L’l

(o [ )
e (1 /mf% [ sesan)

—Z
= 1-2 ex dz
2ro /z=|ab/2 P57 202 )

1 la—bl/2 .2
= / exp(—= ° )dxy

27TU ——la—bl/2 207

la — 0]

27TO'

m”ﬂz - M1||2-
O

In our setting, we have Gaussian noise contributing additively to the next-state
given current-state and action. As a consequence, the random variables (and their
increments over time) are not bounded. The following proposition shows that we can
“essentially” treat Gaussian random variables as bounded random variables with high

probability by truncating the tails.

Proposition 21. Let any N > 0,0 > 0,0 > 0 be given. Let {wW}Y | be Gaussian

random variables, namely w® ~ N(0,0?). Then with probability 1 — § we have

max;e.y|w®| < olog

N
V276
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Proof.
(i) LR 2
Pl > K) = 2 5 7K€Xp(—@)d2
1 o
< 2 / 2exp(—i)dz
2n0 J.=k o
1
= 4 exp(—K/o
= exp(— /)

So we have

P(max;cp.n|w?| > K) < N4 exp(—K/o),

1
V2
which is equivalent to the proposition. ([l

Note the bound we use for the tail is fairly loose, but it’s a simple form and enough

for our purposes. Let K > 0, here is an another bound (based upon integration by

parts):

< 1 =z 22 — 22 1%

—eXpl——— dz = exp(———
/z:K 2mo 2 p( 202) L 27 p( 202) X

< g 1 22
— —_—— —d
=K 271‘22 ( 20’2) &

o K?

B.5 Proofs for Section 3.7.2

In this section, let n = ng + ny4. In this section we establish several helper lemmas,
and then prove Lemma 9. Proofs of helper lemmas are given as sketches or even left
out in this section. The proofs are given in the following sections.

We will prove Lemma 9 in the following two steps.

e In Section B.5.1 we establish that for any inaccurate parameter 6, we have that
1ossVH)(9) > 1oss™N7H)(9*) + Q(Ny). Le., the true parameter #* outperforms

all inaccurate parameters by a margin of Q(Ny).
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e In Section B.5.2 we establish that no matter how the additional data

{Z(l) }NTH+k1NH

ienyH11  are chosen, the probability that 6" ever gets outperformed by

an inaccurate parameter ¢ is exponentially small in the margin Q(Nr). As a
consequence, a “small” number of samples Np from the teacher is sufficient to
guarantee that throughout all iterations an accurate parameter has the smallest

loss.

B.5.1 Model estimated from teacher’s data

In this section we establish that for any inaccurate parameter 6, we have that
loss™NT ) (9) > 1oss™ ™) (%) 4+ Q(Ny).

L.e., the true parameter 6* outperforms all inaccurate parameters by a margin of
Q(Nr). A standard way to prove this is to prove it for one specific inaccurate pa-
rameter #, and then use a cover of #-space and a union bound to prove it for the
whole space. The following lemma shows that it is sufficient to cover only a “small”
ball around the origin. More specifically, it shows that with high probability all the
solutions {é(’“)}g:Tﬁ;HklN T to the regularized linear regression problem lie in a small
ball S around the origin. Note that the solutions {é(k)}kNjﬁ;HklN "

linear regression problems at steps k = NrH to NyrH + ki NH are by definition

to the regularized

the only parameters we end up using in the algorithm. So it is sufficient to show

loss M) (9) > 1ossVTH) (6*) + Q(Ny) for all inaccurate 6 in the “small ball” S that

. N(k)\NrH+ki NH
contains all {6} 0 T

Lemma 22. Let any & > 0 be given. Let {y@, zOYNLHMNI 4o gonerated as described

in Eqn. (3.20). Let {0™}, be defined as in Eqn. (3.21). Let m = NpH + kyNH.
Then we have with probability 1 —§ that Vk (1 < k < m)

A 4m
Wl < i (VA + oos )
091 < 167+ 7log
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and that
; 4m
max;— .|y | < V2[|6*||2 + o log

V2rs

Note Lemma 22 would not hold if we used unregularized linear regression. Instead

of regularizing with a quadratic penalty, one could regularize by explicitly constraining
f to be norm-bounded. This would directly result in a ball that is sufficient to be
covered and thus simplify some of the proofs. However, in practice regularized linear
regression with a quadratic penalty (as used in our algorithm) is much more commonly
used than linear regression with a norm constraint on 6.

The following lemma establishes loss ™) (8) > loss* ™) (6*) + Q(Ny) for all in-

accurate 8 € S.

Lemma 23. Let any §,¢,n > 0 be given. Let {y®, 2 }NTH+k1NH be generated as
described in Eqn. (3.20). Let m = NprH + kyNH. Let ymaX = max;— 1. |y
V2[|6%||5 + o log \/8%6 and let R < kv/m (x/_HH |2 + alog ) Let S ={0:0]2
R}. Then for all @ € S that do not satisfy Eqn. (3.22) we have that for loss™ ) (9) —
loss M) (0%) > Npe2n/4 to hold with probability 1 — 6/4, it suffices that

VANVAN

N = Q(poly(-, CH 0|2, s, na, k1, N)). (B.26)

ml»—t
C>)I>—*

1
77
B.5.2 Influence of data from policies {7},

In this section we study the power of an adversary to favor one specific 6 over 8* by
choosing the samples {2} T]\g J}fjrjlv " More specifically the following lemma shows
that the adversary’s power is very limited. I.e., no matter what policy the adversary
uses, the probability of ever making 6 outperform 6* by a margin a > 0 on this set of

adversarially chosen samples is bounded by exp(—a/c?). Let

k

lossg;)v(Q) = Z (y@ — g7 2(0)2,

i=m+1

)—Ofork‘<m

By convention let lossadv
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Lemma 24. Let any a > 0 be given. Let any 0 € R™ be given. Let all else be as

defined above. Then we have

)

P(3k >m: loss ™) (0) < lossadv(ﬁ*) a) < exp(2
o

adv

The following lemma uses a covering argument to extend Lemma 24 to hold for

the set {0 : 0] < R}.

Lemma 25. Let any §,¢,n > 0 be given. Let {y®, 2 }NT1H+k1NH be generated as
described in Eqn. (3.20). Let m = NpH + kyNH. Let

_N_<f||e ||2+010g\/_5)

Let S ={60: /0|2 < R}. Then for all § € S that do not satisfy Eqn. (3.22) we have
that for
lossé’fi)v(é’) loss d) (0*) > —Nre*n/8 > 0

to hold with probability 1 — g for all k € NyrH : ky{NH, it suffices that

1
€

cqm—

Ny =Q (poly( L H., |0 ||2,n5,nA,k1,N)) : (B.27)

1
77
B.5.3 Proof of Lemma 9

Proof of Lemma 9. From Lemma 22 we have with probability 1 — g that all the esti-

mates {é<’“>}ﬁ§ﬁj§ﬂfl lie in a bounded sphere

S =10+ 161 < wi (VEIF -+ otog <))

around the origin and that

; 8m
maxi—1.|y "] < V2[|6%||2 + o log

V2rs




APPENDIX B. PROOFS FOR CHAPTER 3 182

Lemma 23 gives us that for all § in this sphere S that do not satisfy the accuracy
condition of Eqn. (3.22) we have that

loss V) (9) — 1oss VT H) (6*) > Npe’n /4 (B.28)

holds with probability 1 — % for large enough Np as quantified in Eqn. (B.26), which
corresponds to the condition on N7 in the lemma we are proving. From Lemma 25
we have that

loss®) (0) — loss ™) (6*) > —Nre’n/8 (B.29)

adv adv

holds with probability 1 — % under the same condition on Np. Now since for any
k > NpH we have by definition loss®® (6) = loss(NTH)(9)+loss;’;)v(9). We can combine
Eqn. (B.28) and Eqn. (B.29) to obtain that

loss™ () > loss®) (6%) + Npe®n/8 (B.30)

holds with probability 1 — §. This means that all # € S that do not satisfy the
accuracy condition of Eqn. (3.22) are outperformed by the true parameter 8* by a
margin of at least Npe?n/8 for all k > NpH. As a consequence all the 6 estimates

{§y N ]I\fTJerﬂH must satisfy the accuracy condition of Eqn. (3.22). O

B.5.4 Proof of Lemma 22

Proof of Lemma 22. Let Ymaxy = maxXj—1.3|y?|. For any k : 1 < k < m we have
1oss®(0) = S°F (¥)? < 1 (Ymax)?. Since %) achieves the minimal loss, we must
have loss® (0®)) < 1 (ymax)?, and thus

16%]

K2

N8 V]

<77 (Ymax) - (B.31)
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We also have (using |||, < v/2 and Proposition 21) that

Ymax S \/_HQ*HZ"'_maXz 1m|wz|
< V2[|67ly + o' log

\/_5wp 1-— 3

which combined with Eqn. (B.31) proves the lemma. O

B.5.5 Proof of Lemma 23

Let
AR (0,,0,) = 2|||91||2 162 3]

+ maxX .o 401, Z |(y(i) - sz(i))z - (y(i) - 9;2@)2‘-
=1

We first prove the following lemma.

Lemma 26. Let any A > 0,1 > 0 be given. Let Ymax = maxi—1.5|y»|. There is a
subset S of the sphere S = {6 : ||0]|2 < R} such that for all § € S, there exists § € S
such that for all k(1 < k < m) we have:

loss™ (0) — loss® (6)] < AP (6,0) < A (B.32)

And we have the following bound on the number of points in S

81 < (zR\/ﬁ(szymax + (8 + 25)3))”
— A .

In the special case where R < kv/m(v/2]|6% |2 + o log %) and Ymax < V2/|0%]2 +

m

o log we get

- 11 .
log|3] = O (mogpdﬂX o Hw))-

Proof. Note that the first inequality in Eqn. (B.32) trivially holds by definition of A.



APPENDIX B. PROOFS FOR CHAPTER 3 184

We now prove the second inequality. Consider the difference in loss for two weight

vectors 61, 05. The contribution of one training sample is bounded by

sup [(y = 072)* = (y — 03 2)°|
Zi||ZH§\/§7?J5‘y|§ymax
= swp |(y—072)7 = (y— 07z + (01 — 02)"2)?]
2212 <V2,y:[y| <Ymax
= sup ! — (0, — 02)T2)* — 2(y — 07 2) (6, — 92)Tz‘

2|2 £V2,5:]y| <ymax

2/161 — 0512 + 2V2(Ymax + V2R)||01 — 0]
< 4R|61 — ball2 + 2V2(Ymax + V2R)|161 — b2

IN

< (4Ymax + 8R) |01 — O2])2.
So we have

AP (0, 0,)
1

< k(4Ymax + 8R) |01 — O2]|2 + ;\H@l\l% — [16:13|
1

= k(4Ymax + 8R)||01 — 022 + Ewl +6) " (6, — 6,)|
1

S k(4ymax+8R)||91 —92”24-?2‘3”01 —QQHQ

1
< (4k’ymax+ (8]{7+2?)R)H91 —92”2.
To cover a sphere of radius R up to || - |2 < 7, it is sufficient to have (cover the

enclosing cube with side of 2R regularly) (2R+/n/~)™ points. In our case we want to

A
Akymax+(8k+2 -5 )R’

cover the set of considered #’s up to loss accuracy A, so we have v =

resulting in a number of points

<2R\/ﬁ(4kymaxj\— (8k +2-%)R) ) " |

This establishes the lemma for one specific k. It is easily seen that the cover used for

k = m can be used for all £ < m. This proves the theorem. OJ

We will use S(n, 1, 3,1, |0||2) if we want to explicitly show the dependence on
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the parameters.

Proof of Lemma 23. Let 6 € R". Let e((f) =0"T20—9720 and let é((f) be e((;) clipped

to the interval [—K,, K,]. Let K, be such that max;c;.y,z|w®| < K,. Then we
have that

NrH

S 1
loss M) (9) = Z (w® + eé))2 + ?||6’||§
=1
NrH ‘ .
> D (w48 + 6]

t=1

Now consider the difference in loss for 6 and the optimal 6*:

loss VT H) (9) — loss VT H) (%)

NpH . 1 NpH 1
= D@ e+ 105 - D ()~ el
i=1 i=1
Nt H ' 1 NrH 1
> D @+ 7+ S0]5 - Y ) — 1673
=1 =1
NpH ‘ 1
= D@+ 20080 + (013~ 10°13) (B:33)
i=1

Let Z, = Y (@92 + 2008 — E(@)2. Note that Vt,|Z, — Z,_1| < 4K2. Then
applying Azuma’s inequality to the martingale {Z,}, gives us that

NrH ' ' '
> (@) + 20 — B(ey’)? > —a (B.34)
=1

holds with probability 1—exp(—A?/(2N7H4K?)). Combining Eqn. (B.33) and (B.34)
gives that

loss V) (9) — lossVTH) (6*) >
NpH

(i 1 .
> EE) = A+ (05— 16°13)
i=1
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holds with probability 1 — exp(—A?/(8 N7 HK?)). Now using Lemma 26 we get that
with probability 1 — |S]exp(—=A2/(8NyHK?)) the following holds for all (|||, <
R):30 e S st. ANT(H ) < X and

loss M) (9) — 1oss V) (6*)

v

v

+ > BE @) + (1015 - 11913)-

loss M) () — loss M) ()
+loss M) (§) — loss M) (9*)

—\ + loss () — loss ™M) (67)
NrH ' 1

> EE =223+ (1015~ 16°]13)
=1

NrH

G 1 .
3 EE)? — 20+ 5 (116)13 — 167]13)

; K2
=1

i=1

(B.35)
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The second inequality uses the fact that for any 2, we have |(é
(i))2 .

(e

We also have that

0

| > BiE? - Bl

< ) [BlEY) - Bl

< D [Bleg)] - Bl(eg)?

_ i E[(Q*Tz(z‘) . éTZ(z‘))2]
_E[(0°T20 — eTz(i))2]‘

= i ‘E[(G*Tz(i) +w® — 47207
—E[(@*Tz(i) + w® — QTz(i))Q}

<3 (O — §7=0)

(e5)?I-
And thus we have

Nt H ‘ ‘
S EE) - B
=1

<

<

E MAaX, (i) (i)
i=1

_Ky(i) _ gTz(i))2]

1
T2

A(NTH)(Q’ 5)
A

16113 — [16113

187

(B.36)
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Combining Eqn. (B.35) and (B.36) gives us

loss M) (9) — 1oss V) (9%)
NpH

> S BE) -3+ (163 - 6 1B)
i=1
Now for any € > 0,7 > 0, if # satisfies
P(maxiel:H(eg)) >€) > (B.37)

(note this corresponds to 6 not satisfying Eqn. (3.22)) then we have that (let € =
min{ K, €})

loss VT H) (9) — 1logs VT H) (9*)

> Npén— A+ (||9||2 16*(13)

holds w.p. 1 — |S|exp(—\2/(8NyHK?2)).

NT6 Nréin

Now choosing A = gives us that

loss M) () — loss M) (%)

NngT]

1 2 * |12
= —5— U0z~ 1167]12)-
So if
Nr > & (B.38)
then we have that N2
loss M) (9) — loss VT H) (6%) > T4€ 7

holds w.p. 1 — |S|exp(—(Npée*n?/(288HK?2)).
We have from Prop. 21 that maXiELNTHw( < olog 4\/]\@5 with probability 1 —
AN H

d’. So we can choose K, alogm (and add in a failure probability of 4').

Making the dependencies in S (and recall we chose A = NTGEQU) explicit, we have here
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S(n, w2, L 1, ||6*]2) and thus

" NréZn’ 8

N 1 1 . .
log|S| =0 (nlogpoly(n, m7 E?ma |0 HZ)) 3
Now we choose

Co| ™

, 32Ny H

= |S|exp(—(Npe*n? /(288 Ho? 1o
|S] exp(—(Nren~/( o log” — s

))-

This gives us the following conditions on Nrp.

(i)  Eqn. (B.38),

288 Ho? log? 3282 H g
ey, 151

étn? 5/8

(i) Nr>

Recall € = min{K,,€}. So we can replace conditions (i) and (ii) by the following

conditions on Np (recall K,, = olog %):

. 4 .
(ia)  Np > WHQ I3
4

I6°]
(o log S o

288Ho” log® 23LL ||

(ib) Np>

.. V2rs

(ila)  Np > " log 578’
288Ho” log? 23 (g

.. V2md

(ilb)  Np > NI 210 Jog L 578

(U log rg/g)

Combining the four conditions on Ny with the expression for |S| gives us the following

condition on Nr suffices:

111
Np = Q(poly(; E, S’H’ 16(|2, ns, na, k1,1og N)).
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This proves the lemma. Note that in the statement of the lemma we have slightly
weaker result, namely a polynomial dependence on N rather than a polynomial de-

pendence on log N, which we proved here. 0

B.5.6 Proofs of Lemmas 24 and 25

We first prove the following lemma about a (possibly adversarial) biased random
walk. We refer the reader to, e.g., (Durrett, 1995; Billingsley, 1995; Williams, 1991),

for more details on martingales and stopping times.

Lemma 27. Let {w"W}°, be IID random variables with w® ~ N(0,7%). Let F, =
o(wD, ..., w™), the sigma algebra induced by these random variables. Let Vi, el €

Fi_1, i.e., e® has to be chosen based upon the past. Let ¥n,

Zy = Z(e(i))2 + 20,
i=1
Let any a > 0 be given. Let T, = inf{n : Z, < —a}.

Then we have

207
Proof. Let the martingale sequence {Y,}, over the filtration {F,}, be defined as

1
Y, = — 7,
exp (20_2 )

P(T, < 00) < exp(

follows

It is easily verified that {Y,,}, is adapted to {F,}, that F|Y,| < co and that
E(Y,11|F,) =Y, for all n. Thus Y, is indeed a martingale with respect to {F,}n.
(Note this is true no matter what the adversary’s policy is for choosing the

Fi_1-measurable functions e(®.)
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Let any integer K > 0 be fixed. Let

T, = inf{n:Z, > b},
N = min{T,,T,, K}.

Then N is a finite stopping time. Thus we can apply the Optional Stopping Theorem?
and get

1 = EY,=EYy
= P(T, < Ty T, < K)E[YN|T, < Ty, T, < K]

+P(Ty, < Ty, Ty < K)E[YN|T, < To, Ty < K]

+P(K <T),,K <T,)E[Yy|K < T}, K < T,

Now since Vn, Y,, > 0 we have
1>P(T,<T,,T, < K)E[YN|T, < T,, T, < K].
Using E[Yy|T, < T}, T, < K| > exp(5%) we get

—a
P<Ta < TbaTa < K) < eXp(ﬁ)'

Taking the limit for K — oo (and using the monotone convergence theorem which

allows us to interchange limit and expectation (probability)) gives us

P(Ta < TbaTa < OO) < eXp(;T‘_Q)'

Since b > 0 was arbitrary, we get for b — oo (and using the monotone convergence

theorem which allows us to interchange limit and expectation (probability)) that

—a

P(T, < o) < exp(ﬁ
o

).

2See, e.g., Durrett, 1995.
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O

Proof of Lemma 24. We have y¥ = 6*T2() + w®  where w® ~ N(0,0?). Let ¥ =
6Tz — 972 Then

1088,q, %) 0) — 108850y ¥ (07)
k
S T T
1=m+1
k

— Z (w® + )2 — (w®)?

1=m+1
k

= Z (e)2 4 20,

1=m+1

So we can apply Lemma 27 with Z,, = lossadv(Mm)(G) — lossadv("er)(@*), which proves

the lemma. U
Proof of Lemma 25. Using a A\ = Npe’n/16 cover S for S and Lemma 24 gives us
that Vk > 1 and for all 8 € S that

loss®™ () — loss™®) (%) > —X — Npe*p/16 = —Npe’n/8

adv adv

holds w.p.
1 — |S| exp(—Nre?n/(3202%)).

The last term corresponds to the probability of the biased random walk reaching
—Nre®n/16. Now requiring that the last term is smaller than % gives us the following

requirement: -
3202 ’S(naﬁg%ﬂ%am? ||9*||2)|

d/4 ’
which is satisfied when Nr satisfies Eqn. (B.27). O
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B.5.7 Proof of Theorem 10

Proof of Theorem 10. From Lemma 9 we have that for a trial under the teacher’s

policy ({(x,us)}L,) for

P(maxtel;HHA(i)cb(mt) + BWy,
—(Ad(x1) + Buy)ll2 > €) <7 (B.39)

to hold with probability 1 — ¢ for all © € 1 : N, it suffices that

A | =

Nr = Q(poly(=, =, 5, H. || Alle, | Blle, s, na, ki, N) ). (B.40)

11
Y 777 5
From Prop. 8 and Eqn. (B.39) we have that for

P (maXtEI:Hdvar(P<' ‘xtaut)>

PO |z, uy)) > (B.41)

1
€] <
V2ro > =
to hold for all ¢ € 1 : N with probability 1 — ¢ it is sufficient that Np satisfies
Eqn. (B.40). Let SA, = {(z,u) : Vi dy(P(- |z,u), PO(- |2,u)) < —=1}. Then

V2ro
using the Simulation Lemma combined with Eqn. (B.41) we obtain that that for

1
’UM(WT) - UM(i) (7TT)| < H2 \/%U 6Rmax + 77]’—[Rmax
to hold for all 7 € 1 : N with probability 1—4, it suffices that N satisfies Eqn. (B.40).
Choosing € = 3 HQ%;:;Xa and n = ma proves the theorem. 0



APPENDIX B. PROOFS FOR CHAPTER 3 194

B.6 More detailed version of Section 3.7.3

B.6.1 A result for Bayesian model averaging

Consider an adversary generating a data sequence {z()}Z . For every time step t,
w® ~ N(0,0?), and y® = 0*T2"). We assume [|2(V]|2 < 2.3 Now define a sequence

{6®1IT_ | of estimates of *

X ) , 1
1) = arg min (y(z) - QTZ(Z))z + EHQH%

fER™
i—1
= 1 @ aT @2 L L2
= argmin ;(y -0 ") +§||9||2:

2 2

here 12 = k202. Let e® = *720 — §OT () In this section, we will prove the

following theorem

Theorem 28. Let everything be as above defined. Then no matter how the adversary
chooses each 2\ (possibly based on everything seen up to time t — 1), we have that

with probability 1 —

T
Ny = Z 1{e® > p}
t=1
) 1
< O(\/T(logT)dpoly(HG*Hg,n,log5,;)).

This result will be obtained in the following three steps:

e prove an online log-loss bound for Bayesian model averaging (BMA),

e prove a bound on the variances s? used at every step in the BMA algorithm, in

particular prove a bound on how often these variances can be ‘large’,

e prove a bound on the squared loss incurred for the time-steps when the variances

s? are ‘small’.

3Since z(*) later corresponds to the concatenation of ¢(x(¥)) and u(®, which both have norm
smaller than one, this is the right choice. Kakade and Ng (2005) use ||z ||z < 1, which makes their
results slightly different from the way we state their results in this paper.
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We now consider the Bayesian model averaging (BMA) algorithm, and give a
bound on its worst-case online loss. In particular we consider the case of linear least

squares regression. We have

pylz,0) = \/21—m exp (%) : (B.42)

where o2

is a fixed, known constant that is not a parameter of our model. Note that
Kakade and Ng (2005) give results for generalized linear models. This section reviews
a subset of their results, where notation is specialized to the linear regression case.

Let S = {(z,yW), (23, y@) ... (2T 41} be an arbitrary sequence of exam-
ples, possibly chosen by an adversary. We also use S; to denote the subsequence con-
sisting of only the first ¢t examples. Unless otherwise stated, we will assume throughout
this section that |[z®||, < /2 for all 4.

Assume that we are going to use a Bayesian algorithm to make our online predic-

tions. Specifically, assume that we have a Gaussian prior on the parameters:

where I, is the n-by-n identity matrix, N (-; i, ) is the density of a Gaussian with
mean g and covariance X, and v? > 0 is some fixed constant governing the variance

in our prior. Also, let

(ITi—, p(y V12D, 0)) p(6)
Jo (T2 p(yD |2, 6)) p(6)do

pi(0) = p(0]S;) =

be the posterior distribution over # given the first ¢ training examples. We also have
that po(6) = p(@) is just the prior distribution.
On iteration ¢, we are given the input #®, and the BMA algorithm makes a

prediction using the posterior distribution over the outputs:

Pyl Sim1) = /p(ylz(t)ﬁ)pwlstl)d@-
0
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We are then given the true label y®, and we suffer logloss —log p(y®|z®, S,_;). We
define the cumulative loss of the BMA algorithm after 7" rounds to be

T
Lpna(S) =Y —logp(y”|2, 5,).
t=1
We will be interested in comparing against the loss of any expert that uses some
fixed parameters § € R™. Define ly(t) = —log p(y|2®, 0), and let

T

Lo(S) =D lo(t) = —logp(y?[", 6).

t=1

A more general form of the following theorem has been proved in Kakade and Ng

(2005), we specialized it to the linear regression case.

Theorem 29. [(Kakade & Ng, 2005) Theorem 2.2, for ¢ = 1/0*.] For all sequences
S of length T and for all 6*

no?

1 n 2Tv?

Now we’ll take a closer look at the predictions done by the BMA algorithm. Define
A = V—lzln + % 23:1 z(i)z(i)T, and b, = % 22:1 20y We have that

pi(0) = p(6]S) = N (9; 0, &) , (B.43)
where 0, = A;7tb,, and 3, = A1, Also, the predictions are given by
P(y(tﬂ)"z(tﬂ)? S) =N (y(t+1); Uit 3§+1) (B.44)

where g,y = 072010 s2, | = 2D, (D) | 62 In contrast, the prediction of a

)

fixed expert using parameter 8* would be

py20.0%) = N (yV; 97, 0%) (B.45)
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where i = *7 2
Note that s? > o2, i.e., the BMA algorithm always predicts with a larger variance

than a single expert.

Lemma 30. The terms s? satisfy the following:

2 2 2
s;—o 2v
= < o (B.46)
ET: s? — g2 < 202 1 (1 N 2T1/2>
< ——nlog )
~ o o log(1 + 2%) nor?
(B.47)
Proof. Let m; = S? . Consider a sequence of examples {(z(M,y@), ... (2™ ¢T)H},
where all the outputs y) = ... =4I = 0. Given this sequence, the BMA algorithm’s
predictions will also all be ¢, = 0. Thus, we have
T
Leya(T) = Y —log N(0;0,s7) (B.48)

t=1

d L1
_ 2
= E { log NG 5 log s; | . (B.49)

t=1

Now, consider the loss of an expert using the zero parameter vector § = 0. We have

Lo-(T) = ) —logN(0;0,0%) (B.50)
= Z [— log \/12_7r + %logJQ] . (B.51)

t=1

Substituting Equations (B.49) and (B.51) into the main conclusion of Theorem 29,

we get

~1 a 271
gglogst <Z log o +2log (1+ 2 ) (B.52)
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Using the definition m; = s?/0% — 1, we get

2T
Zlog (14+my) < nlog (1 + =2 ) : (B.53)
no?

t=1

Finally, observe that for all 0 < e < K, we have

log(1+ K
log(1+¢€) > % -€ (B.54)
Also, we can bound m; as follows:
2
St
my = ; —
Z(t+1)Tﬁ]t2(t+1) e
= = —1
1 -1
_ (t-l—l)T ] L O (t+1)
1 1\
< et (g L(t+1)
202
< - (B.55)

For the last step, we used the fact that ||2(+1]||, < +/2. This shows (B.46).
Putting together (B.55) and (B.54) with ¢ = m; and K = 2v%/0?, we find that

202

< — log(1 4+ my). B.56
= U210g(1+20%) g( t) ( )

Finally, Equations (B.56) and (B.53) together imply (B.47).
UJ

Proof of Theorem 28. As a direct consequence of Eqn. (B.47) of Lemma 30, we have

the following bound for the number of times Ny ,2(14.c2) that s7 > 0 + *0*:

1 212 2T1/?
2

nlog(l +
o2log(1l+ 24) 3 no?

). (B.57)

N52>O'2(1+62) S
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If we let #* denote the “true” underlying parameter, and w® the noise at time ¢,

then we have

Using the notation we just introduced we can then rewrite Theorem 29 as

T
1 R 2

Z (2—2 ( + 67T — Qllz(t)> + log\/27rst> <
St

=1
T
Z t) + log V2o
202

t=1

2Tv?
* 2
+22H9 | —log(l—l— naz)'

From now on let e® = §*T () — g7 2®)
Splitting up the summation into case where s? > 0%(1 + €2) and s? < %(1 + €?),
and leaving out some positive terms from the left-handside, and using the fact that

sy > o for all t we get:

T
1 2 1 n 2712
— (W) + —=|0"||> + = log ( 1
5 g (W) ol + o (14222,
which implies

1 2
2 sy )

2<02(14¢2)

t
T
1 2 1 n 2T?
— (w®)® £ 0"+ Zlog 1 .
> 55 ()’ gl 5 os (1420 )

2
no
t=1

(B.58)
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Now we would like to bound the number of times we can have that e® > y as
a function of . Since e could depend on the whole history {y@, 2 }=1 we use a
martingale argument.

Let K, be such that for all ¢+ we have |w®)| < K, and such that u < K,.
(The latter condition ensures that when clipping the errors, errors do not get clipped
below p.) Let €% be defined as e clipped to the interval [~ K, K,]. Le., we define

é® = min{ K,,, max{—K,, e }}. Then we have
(w(t) + é(t))2 < (w® + e®)2,

For the left-hand side of Eqn. (B.58) we apply Azuma’s inequality to the martin-
gale Z; = Y0 (w® 4 D)2 — 5% — (¢0))2 which gives (the increment/decrement in

one time step is at most 3K2 + o?)

p Z (w® 4 M) — (M) —To? < —TA| <
t:s2<o2(1+€2)

exp (—TN*/2(3K] + 0%)%), (B.59)

where T =T — Neso2(11e2)-
For the right-hand side of Eqn. (B.58) we apply Azuma’s inequality to the mar-
tingale Z; = >'_, (w®)? — 2, which gives us (the increment/decrement in one time

step is bounded by K2 + o?)
P (Z(w“))? —To* > T)\) < exp(=TN?/2(K2 + 0%)?). (B.60)
t

Combining the concentration results of Eqn. (B.59,B.60) with Eqn. (B.58) gives
that with probability 1 — exp(—T\2/2(3K2 + 02)?) — exp(—=TA?/2(K2 + 02)?) the
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following holds:

1 _ o=\
= (g2
Z 202(1 4+ €?) (7)) + 202(1+¢€%) —

t:s7<02(1+€2)

o+ \ 2T?
T 0% + Zlog ( 1 :
202 2V2H I+ og( * no? >
Which is equivalent to
1 o2+ A
= (2 T2
2 i) ) ST 5

t:s?2<o2(1+e€2)

_ g2 =)\ 1 n 2Tv?
By A ——— | |- | 1 .
bl Slog (1422

20%(1 + €2)

As a consequence we have

2

N2 <ot (14e2) el p sgr——se =
sp<o?(1+€?)e 21 202(1 4 €2)
1 .
2. 202(1 1 62)’“‘2 = ng;
t:57<02(1+€2),eM>p
o=\ 272
—T—+ 0*||* + 1 1+ )
202(1 + €2) H I+ 5 los < no? )

Substituting T =T — Ny ,2(11e2) (and using =\ < +\) we get

2

W
Ns§§a2(1+e2),e<t>2um =
6202+€2)\+2)\+N o?+ A
zazu +e) P01 4 o)

2Tv?
H@*H2 —log (1 + — ) )

201
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Substituting the bound for Nz ,2(11) from Eqn. (B.57) we get
2 2 2, 2
1 €0+ €N+ 2)
N5?§02(1+62)76(”2u202(1 +€2) <T 202(1 + €2)

n ac?+ XN 1 21/ | <1+2TV2
- n 10
202(1+ ) @ g2 log(1 + 22) 8

1 n 2Tv?
e+ g (1427,

)

no?

+ﬁ no?

Multiplying both sides with 20%(1 + €2) gives

Necoz(iper) ezt < T(€0% + X+ 2X)

212 2T1?
v nlog(1l + -

1
+(0? + N)= 5
( >€2 o2log(1 + %)

2(1+ ¢ 272
0<—2€)H9*H2+n02(1+62)10g (1+ g )
1% no

)

no?

+

This all holds w.p.
1 —exp(=TN/2(3K2 + 0%)?) — exp(—=TN\?/2(K2 + 0%)?).

Now choose

202 log(1 + 222
2 \/Vnog< no ), (B.61)

—\ 1o log(1 + %)

then we get

Necoaiper) ezt < 20T

1200 4 ) 2Tv2n log(1 + 2L27)
o2log(1+ %)

2v2nlog(1 + 24 2
+(1+ B )} 2o
To?log(l+ %) | v

2v2n log(1 + 224 2T 1?
+ {1+ i no? ) no?log (1 + y2 ) )
To?log(1 + 25) no
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Substituting Eqn. (B.61) into Eqn. (B.57) gives

N < log(1 + 21V
$2>02(14€2) o log(1 + 2UL;)n og(1l + o2 ).

So we have that there exists 7" = O(poly(n)) (note we assume v, o are fixed in our
analysis) such that for all 7' > T we have that Nz 2112y < 7. Thus (for T > T*)
all the above holds w.p.

1 —2exp(—=TA*/4(3K2 + 0%)?).

Now setting & = 2exp(—TA*/4(3K2 + 02)?), or equivalently \? = w log § we
get that

\/4(3[(2 +02)2 4

N2<0.2(1+62) (t)>HM < 2T 10g

2Tv?nlog(1 + 2T”Q)

T
4(3K2 2)
+2(02+\/ sithis T
o?log(1+ 2%)
2v%nlog(1 + QT”;
1+ S =
To?log(1 + 25
2v2nlog(1 + 2T”22 2T1/2
1 g 2] .
( +\/ To?log(1+ %) " og e

(B.62)

holds with probability 1 — %. Now recall that K, = max{u, max;c;.7|w®|}. Thus

from Prop. 21 we have that K,, < max{y,o log %} with probability 1 — %. Thus
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we have that
2
Ng<or(i4er)e>plt” <

8T 4
4(3(max{u, o log \/ﬂ(s})Q +0%)4/ T log 5

T 1 4
+2 (02 + 2(3(max{p, o log \/8%5})2 + %) T log 5)

2Tv?nlog(1 + 257”22)
o?log(1 + 20%2)

2v2nlog(l + Z2Y)\ o2
+ 1+ g( ;w;) _2“9*”2
To?log(1+ %) | v
2v2nlog(1 + 224 2T?
+ {1+ vin log ;”2) TLO’QIOg(l—l— V2>
To?log(1+ %) no

holds with probability 1 — 9.
After simplification we get that for any 7' > T = O(poly(n)) that

Nez<oa(1e2) ey =

O(VT(log T)*poly([|" |2, n,log <, —)) (B.63)

)

SR
=~

holds with probability 1 — §. The condition that 7" > 7% = O(poly(n)) is readily

incorporated by adjusting the polynomial in Eqn. (B.63), and can thus be omitted.
Taking into account that we might have e®) > 1 when s? > (1 + €2)0?, we get

that

News>y < Necorire) ey
+NS%§02(1+€2)
. 11
= O(VT(log T)*poly(||0 ||2,n,log5,;)).

Which proves the theorem.
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B.6.2 Proof of Lemma 11

Lemma 11 considers the setting where the model is not updated for ki H steps. And
then updated for all these steps at once. The result we have from Theorem 28 applies
only to the setting where the updates are done between every datapoint. Moreover

Lemma 11 considers n linear regression problems simultaneously.

Lemma 31. Let anyl € 1 : n be fixed. For the algorithm described in Section 3.4 we

have that the number N, of times a state is encountered such that
[(Av(e) + Brow) = (A6() = Bilu)| > (B.64)
satisfies

N, = O(kiH\/Nk H(log Nk, H)?
)

Y

| =
==

pOIY(HAl,:HFa HBZ,: HF7 ns,nA4, lOg

Proof. Consider kiH versions of the data, permuted such that within each subse-
quence of length ki H obtained under one policy, in every permutation a different
data point comes first, but no data points are permutated across trials under differ-
ent policies. Then every prediction done in our algorithm is also done for (at least)
one permutation in this new setup (the new setup includes more predictions than just
these). Thus bounding the number of large errors in this new setup gives us a bound
on the number of large errors encountered in our algorithm. This new setup consists

of k1 H data sequences of length Nk H each. Using Theorem 28 we get that

N, = O(kyH\/NkiH(log Nk H)?

11
poly (y/ 14 1 B3, s + na los 5., -)

which can be simplified (and be made less tight) to the statement of the lemma. [

Proof of Lemma 11. When z, u, satisfy ||(A¢(z) + Bu) — (AD¢(x) — BOu)||y > 4,
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then there must be [ € 1 : ng such that
(A d(we) + Braw) — (A o(w) = Bfu)| > p/ /s

is satisfied. From Lemma 31 we have that this can happen at most

11
N’ = O(kiH~/NkiH(log NkiH)*poly (| Ar.|| 7, | Bi:|| 7, nis; mia, log 5 ;))

times for each [ w.p. 1 —4. So it can happen at most ngN’ times w.p. 1 —ngd. This

proves the lemma. O

B.6.3 Proof of Theorem 4 for linearly parameterized dynam-
ics
Proof of Theorem 4. Assume the algorithm runs for N iterations. Using the Hoeffd-

ing inequality we have that for

Vi=1:N |Up(x®) = Up(zD)] < 1% (B.65)

to hold with probability 1 — ¢’, it suffices that

ki > %log % (B.66)
Using the Hoeffding inequality, we also have that for

O () = Uni ()] < 1 (B.67)
to hold with probability 1 — 0”, it suffices that

Np > LGP R log z (B.68)

2042 5//
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From Theorem 10 we have that for

a
Uy (1) — Une ()| < 3 (B.69)
to hold with probability 1 — 0", it suffices that Ny =
1 1
0 (bt (2 H R Al [ Blssnsia b, N) ) (B70)

Since the algorithm only exits in iteration N, we must have for all i =1 : N — 1 that

A

Uy (D) < Upy(mr) — )2 (B.71)

Combining Eqn. (B.71, B.65, B.67, B.69) and the fact that 7 is a/8-optimal for
M we get
Vi(l1 <i< N — 1)Uy (@) > Uy () + a/8. (B.72)

Eqn. (B.72) states that for every iteration i that the algorithm continues, the model
is inaccurate in evaluating the utility of the policy 7(?. Now using the contrapositive

of the Simulation Lemma (choosing € = %#ﬁlm{) we get from Eqn. (B.72) that the

policy (¥ must be visiting a state-action pair (z,u) that satisfies

(67

b P PO ) > ot

(B.73)

with probability at least in every trial of horizon H. If (z,u) satisfies

T6H R
Eqn. (B.73) then we must have (using Prop. 8) that

I(A¢(x) + Bu) — (AD¢(x) — BYu)||, >
From Lemma 11 we have that with probability 1 — §”” this can happen only

N, = O(kivkiN(log ki N)*poly(||Al|F,
1 1 _ 16H2R,.

”BHF’nS?nAalOgW7aa ) \/%O'Q{
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times in N iterations of the algorithm. Substituting in the expression for k; from

Eqn. (B.66) and simplifying gives us

N, = O(VN(log N)’poly(||Allr, || B]l ¢, ns: na,

1 1 1
lOg W,E,H, Rmax,log 5)) (B74>
On the other hand, if the algorithm continues, we have from Eqn. (B.73) and
Lemma 3 (choose a = 55— N/2 —log =) that such an error must be encountered

with probability 1 — ¢ at least

1
N —log

(6%
32H Rypax Sy (B75>

times. From Eqn. (B.74) and Eqn. (B.75) we have that after a number of iterations

1

1
O(p01Y(||A||F7 ”BHFa ng,NA, log W7 av H7

1 1
Riax, log 57 log s ))

the algorithm must have terminated with probability 1 — ¢ — 6" — §"”" — """ — §"".
Now choose 0" = §" = §" = " = """ = g, to obtain the bound on the number
of iterations of Eqn. (3.3). Given this bound on the number of iterations N, it is
easily verified that the conditions of Eqn. (B.66, B.68, B.70) on Nr and k; are met
by Eqn. (3.4) and Eqn. (3.5) of Theorem 4. Also, since we chose Np, k; such that
Ui (mr) and {Uy (7}, are accurately evaluated (as specified in Eqn. (B.65,B.67)),
we have that Eqn. (3.2) holds when the algorithm terminates.

O



Appendix C

Derivation of EM Algorithm of
Chapter 4

This Appendix derives the EM algorithm that optimizes Eqn. (4.7). The derivation is
based on the presentation of the EM algorithm in Neal and Hinton (1999). Note that
because of discounting, the objective is slightly different from the standard setting of
learning the parameters of a Markov chain with unobserved variables in the training
data.

Since we are using a first-order model, we have Py(s¢ik|st, Qpatr—1) =

Z Pé(5t+k‘st+k717 at+k71>Pé(St+kfl‘St+kf27 at+k—2) ce Pé(StJrllSt’ at)-

Seatitth—1
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Here, the summation is over all possible state sequences S;y1.41x—1. S0 we have

T—1T—t
vklogP 5t+k‘5t>att+k 1)
t=0 k=1
T-1 T—1T—t
K Qi (Sti1:60k-1)
= nylogPé(st+1|st,at )+ ~v"log Z Oir(S )
— Pl Sy 1k (Stotitrb—1
Pé(5t+k|5t+k717at+kfl>Pg Sttk— 1|St+k 2y Qg fe— 2) é(StJrl’Staat)
T-1 T—1T—t
> ZylogPé(sHﬂst,at + ZW Qe ke (St1:t4k-1)
t=0 t=0 k=

log By (4] Stn—1, r41-1) 0<St+k71’5't+k—2, Qrsk-2) - Bp(Sera|st, ar) (C.1)

Qe (Stt1:t+k-1)

Here, (). is a probability distribution, and the inequality follows from Jensen’s in-
equality and the concavity of log(-). Similar to Neal and Hinton (1999), the EM
algorithm optimizes Eqn. (C.1) by alternately optimizing with respect to the distri-
butions @, (E-step), and the transition probabilities Py(-|-,-) (M-step). Optimizing
with respect to the @y variables (E-step) is achieved by setting

Qt,k(5t+1:t+k;—1) = Pé(StH, ceey St+k—1|St = 54, Stk = Stk At:t+k—1 = at:t+k—1)~
(C.2)
Optimizing with respect to the transition probabilities Py(-|-,-) (M-step) for Qx
fixed as in Eqn. (C.2) is done by updating 0 t0 Opew such that Vi, je S, Vae A
we have that By (jli,a) = stats(j,i,a)/ ) g stats(k,i,a), where stats(j,i,a) =
t 0 Zl -0 kP (St+l+1 = 7,5 = i’St = 84, St4k = Stks A1 = Clt:t+k71)
1{a,y = a}. Note that only the pairwise marginals P;(Siiy1, Stt1|St, Stns Attrn—1)
are needed in the M-step, and so it is sufficient to compute only these when optimizing

with respect to the @), variables in the E-step.



Appendix D

Proofs for Chapter 6

D.1 Proof of Theorem 12

We first prove two propositions that will help us to prove Theorem 12. Proposition 32
shows our algorithm converges under certain assumptions on the utility function U.
Proposition 33 shows these assumptions on the utility function U are true so long as
certain assumptions on the transition functions {f;}Z,, the approximate transition

functions {f;}/,, the reward function R, and the policy class my are true.

Proposition 32. Let U be bounded from above. Let K, e > 0 be such that ||VoU(6) —
VoU(0)|]s < Ke. Let M > 0 be such that |[V2U(#)|, < M. Let the line search
in our algorithm be m-optimal (i.e., it finds a point that is within n of the optimal
utility along the line). Let the local policy improvement algorithm be policy gradient.
Then our algorithm converges to a locally optimal region, in the following sense: it

converges to a region where the following holds:
IVeU(0)]3 < 2K2%¢* + 2Mn. (D.1)
For the case of exact line search (n =0) we obtain:

IVeU ()5 < 2K2€%. (D.2)
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Proof of Theorem 12. For any x,y, the following holds (we use the first order Taylor
expansion of U at x, and ||ViU(6)||2 < M to bound the second order error term):

U(y) > Ula) + VU () (g — )~ 5 ly —

For z = 0% and y = 0% + ad® we get that:

oM

U0 4 ad®) > UBD) + aVU (0D TdD — 5

13-

. VGU(QU))Td(i)

Let a = a* = MG then we have that:

(VQU(@(i))Td(i))2
2M||dD |3

U9 + a*d?) > U0 + (D.3)

Now, since ||VoU (0®) — d?||, < Ke,! we have that % > (|VoU (09))2 —

K?¢%.? Substituting this result into Eqn. (D.3) we obtain

IVeU (0)]5 — K2¢?

10 *dDY > (@
U@ + o d¥) > U6") + i

Our algorithm uses an n-optimal line search to choose the step-size a. In case the

line search is successful (i.e., our -optimal line-search found a policy better than the

'Recall that we are considering the case of policy gradient. Thus we have that the descent
directions d*) are equal to the estimated gradients VU (6()).

T1\2
ZWe use the fact that for any vectors a, b if ||a — b||2 < Ke, then we have a'a — (abTbb) < K262,
Proof:

aTa_ @T0)?

bTh

(a'b)? bb "

T1\2 T T T T
_ 1. (a'}) a'bbla _b'bba
= a'a Al + AT 2 Al +b'b
= a'a—2"a+b'b
= Jla—0|3
< K?2&.
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current policy), we have that U(00V) > U(6%) 4 o*d?) — n, and thus:

IVeU(0D)]5 — K2¢

Y > 7 (p®
U(0¢H) > U(09) + L

(D.4)

Hence as long as || VaU (0)]|3 > 2K?¢? 4+ 2Mn holds, a successful line search is guaran-
teed to improve the objective by a finite amount, namely K?e2. Since the objective
is bounded from above, this can happen only a finite number of times. Thus—if the
algorithm’s line search is successful in every iteration—the algorithm converges to a
region where Eqn. (D.1) holds.
On the other hand, if the line search is not successful, then the objective could
[VeU(0D)|3—K2€ < 0 and th
20 —n < 0 and the
current point #) already satisfies Eqn. (D.1). O

not be improved by 7 along the line. This means

Proposition 33. Let € > 0 be such that for allt = 0,1, ..., H we have H%—%HQ <e€
and ||% - %Hz < €. Let all first and second order derivatives of {f:(-,")}HL,,
{fi(, )L, me(+), R(+) be bounded by a constant C. Let n,p,q denote the dimension-
ality of the state space, action space and policy parameterization space respectively.
Then there exist constants K and M —which are expressible as a function only of n,

D, q, the constant C, and the MDP’s horizon H —such that the following holds:

IVoU(0) — VoU(@®)|2 < Ke, (D.5)
VU@l < M. (D.6)

Proof of Proposition 33. To derive Eqn. (D.5), we use the chain rule and triangle
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inequality to obtain:

dhy _ diy
df do || —
dfir | dfirdmg| ||dhiy  dhiy
ds da ds do do ,
+ dft—l . dft—l @
da da do
4 dfi—1 B dft—l dilt—l
ds ds , do
+ dftfl B dftfl @ diLtfl
da da , ds ||, df ,

Using the boundedness assumptions, we have that there exist constants C, Cs, Cj,

which depend only on C'; H, n, p and ¢, such that:

dh;  dh, dhi_y  dhs_y
o awll S 9T | Tee
2 2
dhy
. D.
e | Tt (.7)

: dhi—1
Since ‘ 7

is a finite sum and product of derivatives of f and 7 (with number
2

of terms bounded as a function of H, n, p and ¢ only), ‘ d}ge‘ !

is bounded by a
2

function of C, H, n, p and ¢q. Expanding the recursion of Eqn. (D.7) (with base

case ‘ dhy @ dfe—1 dft !

< ‘ | dmg HQ < pqCe) then gives us that there exists a
2 2
constant K7, whlch depends only on C, H, n, p and ¢, such that

dh;  dhy

< . .
ao ~ap|| =™ (D-8)

2

From the chain rule for derivatives we have that V,U(0) = Zt o VR

> and
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VoU(0) = 31, VSR%. Thus we have that

Ao do (D-9)

[vorie) - vitro)|| < 5198,
t=0

Substituting Eqn. (D.8) into Eqn. (D.9) proves Eqn. (D.5). Eqn. (D.6) follows directly
from the fact that the entries in VZU(6) are a finite sum and product of first and
second derivatives of {f;}/L,, mp and R; and the number of terms in the sum is a

function of H, n, p and ¢ only. 0

Theorem 12 is readily proved using Propositions 32 and 33. For completeness we

give the proof below.

Proof of Theorem 12. The conditions of Proposition 33 are all satisfied by the as-
sumptions in Theorem 12. Thus we can apply Proposition 33 and obtain that there
exist constants K and M—which are a function of C', the MDP’s horizon H, the
dimensionalities of the state space n, of the action space p and of the policy parame-

terization space ¢ only—such that the following holds:

IVoU(0) — VoU(®)], < Ke, (D.10)
IV2U(9)], < M. (D.11)

Since R < Ryax, we have that U(0) < H Rp.x, and thus U is bounded from above.
So all conditions of Proposition 32 are satisfied. Applying Proposition 32 proves the

theorem. ]



Appendix E

Trajectory Learning Algorithm

As described in Section 7.3, our algorithm (approximately) solves
max, s q log P(y, p, T ; Z('),d). (E.1)

Then, once our algorithm has found 7,d, (), it finds the most likely hidden tra-
jectory, namely the trajectory z that maximizes the joint likelihood of the observed
trajectories y and the observed prior knowledge about the ideal trajectory p for the
learned parameters 7,d, 2.

To optimize Eq. (E.1), we alternatingly optimize over ¥(), d and 7. Section 7.3
provides the high-level description, below we provide the detailed description of our

algorithm.

1. Initialize the parameters to hand-chosen defaults. A typical choice: ¥() = I,

dt =4 = [0

2. E-step for latent trajectory: For the current setting of 7, X() run a (extended)

Kalman smoother to find the distributions for the latent states, N (g7—1, Xgr—1)-

3. M-step for latent trajectory: Update the covariances () using the standard
EM update.

4. E-step for the time indexing (using hard assignments): run dynamic time warp-

ing to find 7 that maximizes the joint probability P(z,y, p,T), where Z is

216



APPENDIX E. TRAJECTORY LEARNING ALGORITHM 217

fixed to g1, namely the mode of the distribution obtained from the Kalman

smoother.
5. M-step for the time indexing: estimate d from 7.

6. Repeat steps 2-5 until convergence.

E.1 Steps 2 and 3 details—EM for non-linear dy-

namical systems

Steps 2 and 3 in our algorithm correspond to the standard E and M steps of the
EM algorithm applied to a non-linear dynamical system with Gaussian noise. For
completeness we provide the details below.

In particular, we have:

ze41 = flz) +wr, we ~N(0,Q),
Yey1 = W(z) + v, v~ N(0, R).

In the E-step, for ¢ = 0..7'— 1, the Kalman smoother computes the parameters /i
and Y, for the distribution N (fe)¢, X¢¢), which is the distribution of z; conditioned
on all observations up to and including time ¢. Along the way, the smoother also
computes fiyy1; and Xyyq. These are the parameters for the distribution of z4,
given only the measurements up to time ¢. Finally, during the backward pass, the
parameters i 7—; and Xy7_; are computed, which give the distribution for z; given
all measurements.

After running the Kalman smoother (for the E-step), we can use the computed

quantities to update Q and R in the M-step. In particular, we can compute':

!The notation Df(z) is the Jacobian of f evaluated at 2.
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opey = Nt+1|T—1_f(/~Lt|T—1)a
Ay = Df(MtIT—l)

Ly = EtltA Zt+1\t’

P = Zt+1|T 1 Ethrl\T—lLtTAtT — ALY,
T-1

Q = = Z Spudp + AXyr— A + P,
t=0

oy, = yt_h(ﬂt\T—l)a
C, = Dh(,uﬂT—l)a

T-1

R = —Zéytéyt + CiZyr Gy

t=0

E.2 Steps 4 and 5 details—Dynamic time warping

In Step 4 our goal is to compute T as:

7 = argmax,logP(z,y,p, 720, d)
= argmax,logP(y|z, 7)P(p|z)P(z)P(T) (E.2)
= argmax,logP(y|z, 7)P(1)

where 7z is the mode of the distribution computed by the Kalman smoother (namely,
Z = pyr—1) and Eq. (E.2) made use of independence assumptions implied by our
model (see Figure 7.2). Again, using independence properties, the log likelihood

above can be expanded to:

F =
M—1Nk—1 (E.3)
argmaXTZ Z [ y]!z +€( k|T )]
k=0 j=0

Note that the inner summations in the above expression are independent—the
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likelihoods for each of the M observation sequences can be maximized separately.
Hence, in the following, we will omit the k superscript, as the algorithm can be
applied separately for each sequence of observations and indices.

At this point, we can solve the maximization over 7 using a dynamic programming
algorithm known in the speech recognition literature as dynamic time warping (Sakoe
& Chiba, 1978) and in the biological sequence alignment literature as the Needleman-
Wunsch algorithm (Needleman & Wunsch, 1970). For completeness, we provide the
details for our setting below.

We define the quantity Q(s,t) to be the maximum obtainable value of the first
s + 1 terms of the inner summation if we choose 7, = ¢.

For s = 0 we have:
Q(O,t) = E(yg]zo, T0o = t) + g(TO = t) (E4)
And for s > 0:

Q(s,t) = l(ys|zr,, 7s = t)

+ maXTh oy [U(Ts = t|Ts1)

‘|‘Z yJ|ZT]77—J +€<TJ|TJ 1>H

The latter equation can be written recursively as:

Q<Svt) = e(ySIETsa Ts = t)+

(E.5)
maxy [((7, = |7 = t') + Qs — 1,1)]

The equations (E.4) and (E.5) can be used to compute max;Q(N* — 1,¢) for
each observation sequence (and the maximizing solution, 7), which is exactly the
maximizing value of the inner summation in Eq. (E.3). The maximization in Eq. (E.5)
can be restricted to the relevant values of ¢'. In our application, we only allow
"e{t—3,t—2,t—1}. As is common practice, we typically restrict the time-index

assignments to a fixed-width band around the default, equally-spaced alignment. In
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our case, we only compute Q(s,t) if 2s — C' <t < 2s+ C, for fixed C.
In Step 5 we compute the parameters d using standard maximum likelihood esti-

mates for multinomial distributions.
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